ALMOST SURE FUNCTIONAL CENTRAL LIMIT THEOREM FOR 
NON-NESTLING RANDOM WALK IN RANDOM ENVIRONMENT 



FIRAS RASSOUL-AGHA 1 AND TIMO SEPPALAINEN 2 

Abstract. Wc consider a non-ncstling random walk in a product random environ- 
ment. We assume an exponential moment for the step of the walk, uniformly in the 
environment. Wc prove an invariance principle (functional central limit theorem) 
under almost every environment for the centered and diffusively scaled walk. The 
main point behind the invariance principle is that the quenched mean of the walk 
behaves sub-diffusively. 



1. Introduction and main result 

We prove a quenched functional central limit theorem for non-nestling random walk 
in random environment (RWRE) on the rf-dimensional integer lattice Z d in dimensions 
d > 2. Here is a general description of the model, fairly standard since quite a while. 
An environment u is a configuration of transition probability vectors u = (uj x ) xe %d G 
q _ -p% ^ w here V = {{p z ) z & d '■ Pz > 0, ^ z Vz = 1} is the simplex of all probability 
vectors on Z d . Vector u x = (co XtZ ) ze z d gives the transition probabilities out of state 
x, denoted by TT Xty (u) = U) x>y - X . To run the random walk, fix an environment uj and 
an initial state z G Z d . The random walk Xq %00 = (X n ) n >o in environment u started 
at z is then the canonical Markov chain with state space Z d whose path measure F£ 
satisfies 

P?{X Q = z) = l and P?(X n+1 = y\X n = x) = 7r x , y (uj). 

On the space fl we put its product er-field (5, natural shifts ir Xty (T z u>) = ir x+Zty+z (cu), 
and a {T z }-invariant probability measure P that makes the system (Q, &, (T z ) z&Z d,~P) 
ergodic. In this paper P is an i.i.d. product measure on V z ° . In other words, the 
vectors {uo x ) x&Ii d are i.i.d. across the sites x under P. 
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Statements, probabilities and expectations under a fixed environment, such as 
the distribution above, are called quenched. When also the environment is av- 
eraged out, the notions are called averaged, or also annealed. In particular, the 
averaged distribution P z {dxo j00 ) of the walk is the marginal of the joint distribution 
Pz(d> x o,oo,du) = P^(dxo jOC )F(duj) on paths and environments. 

Several excellent expositions on RWRE exist, and we refer the reader to the lectures 
jH, [l5| and [ll]. We turn to the specialized assumptions imposed on the model in 
this paper. 

The main assumption is non-nestling (N) which guarantees a drift uniformly over 
the environments. The terminology was introduced by Zerner 2 • 



Hypothesis (N). There exists a vector u G 7L d \ {0} and a constant 5 > such that 

Pjcj : z ■ U7r Q>z (u) > 5\ = 1. 

z£Z d 

There is no harm in assuming u G Z d , and this is convenient. We utilize two 
auxiliary assumptions: an exponential moment bound (M) on the steps of the walk, 
and some regularity (R) on the environments. 

Hypothesis (M). There exist positive constants M and so such that 

e So|2| vr 0iZ M < e SoM \ 



Hypothesis (R). There exists a constant k > such that 

P{^: 7To,*(w)>k} = 1. (1.1) 

z: z-u=l 

Let J = {z : E-7r 0i2 > 0} be the set of admissible steps under P. Then 

F{iz : 7r ,o + 7T ,z < 1} > and J <jt Ru for all u G R d . (1.2) 

Assumption (11.11) above is stronger than needed. In the proofs it is actually used in 
the form (17.51) [Section [7] that permits backtracking before hitting the level x ■ u — 1. 
At the expense of additional technicalities in Section [7] quenched assumption (11.11) 
can be replaced by an averaged requirement. 

Assumption (11.21) is used in Lemma 17.101 It is necessary for the quenched CLT as 
was discovered already in the simpler forbidden direction case we studied in [To| and 
[rD |. Note that assumption (II. 2p rules out the case d = 1. However, the issue is not 
whether the walk is genuinely <i-dimensional, but whether the walk can explore its 
environment thoroughly enough to suppress the fluctuations of the quenched mean. 
Most work on RWRE takes uniform ellipticity and nearest-neighbor jumps as standing 
assumptions, which of course imply Hypotheses (M) and (R). 
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These assumptions are more than strong enough to imply a law of large numbers: 
there exists a velocity v 7^ such that 

P { hm n~ x X n = v} = 1. (1.3) 

n— >oo 

Representations for v are given in (12.51) and Lemma [5.11 Define the (approximately) 
centered and diffusively scaled process 

= x» (1 4) 



As usual [x] = max{n G Z : n < x} is the integer part of a real x. Let D R d[0, 00) be 
the standard Skorohod space of M. d - valued cadlag paths (see ^ for the basics). Let 
Q% = Pq(B u G • ) denote the quenched distribution of the process B n on D R d[0, 00). 

The results of this paper concern the limit of the process B n as n — »• 00. As 
expected, the limit process is a Brownian motion with correlated coordinates. For a 
symmetric, non-negative definite d x d matrix D, a Brownian motion with diffusion 
matrix D is the M d -valued process {B(t) : t > 0} with continuous paths, independent 
increments, and such that for s < t the (i-vector B(t)—B(s) has Gaussian distribution 
with mean zero and covariance matrix (t — s)D. The matrix D is degenerate in 
direction u G M. d if u tf £iu = 0. Equivalently, u ■ B(t) = almost surely. 

Here is the main result. 

Theorem 1.1. Let d > 2 and consider a random walk in an i.i.d. product random 
environment that satisfies non-nestling (N), the exponential moment hypothesis (M), 
and the regularity in (R). Then for P- almost every u distributions converge weakly 
on D R d[0,oo) to the distribution of a Brownian motion with a diffusion matrix D 
that is independent of lo. v^Du — iff u is orthogonal to the span of {x — y : 
E(7r 0:c )E(7ro J/ ) > 0}. 

Eqn (12.61) gives the expression for the diffusion matrix D , familiar for example from 
Before turning to the proofs we discuss briefly the current situation in this area 
of probability and the place of this work in this context. 

Several different approaches can be identified in recent work on quenched central 
limit theorems for multidimensional RWRE. (i) Small perturbations of classical ran- 
dom walk have been studied by many authors. The most significant results include the 
early work of Bricmont and Kupiainen [3] and more recently Sznitman and Zeitouni 
[l6| for small perturbations of Brownian motion in dimension d > 3. (ii) An aver- 
aged CLT can be turned into a quenched CLT by bounding certain variances through 
the control of intersections of two independent paths. This idea was introduced by 
Bolthausen and Sznitman in [2| and more recently applied by Berger and Zeitouni 
in [l|. Both utilize high dimension to handle the intersections, (iii) Our approach 
is based on the subdiffusivity of the quenched mean of the walk. That is, we show 
that the variance of Eq (X n ) is of order n 2a for some a < 1/2. We also achieve this 
through intersection bounds. Instead of high dimension we assume strong enough 
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drift. We introduced this line of reasoning in [o| and later applied it to the case of 
walks with a forbidden direction in ll|. The significant advance taken in the present 
paper over [9[ and 11] is the elimination of restrictions on the admissible steps of 



the walk. Theorem [2J] below summarizes the general principle for application in this 
paper. 

As the reader will see, the arguments in this paper are based on quenched expo- 
nential bounds that flow from Hypotheses (N), (M) and (R). It is common in this 
field to look for an invariant measure for the environment process that is mutu- 
ally absolutely continuous with the original P, at least on the part of the space Q 
to which the drift points. In this paper we do things a little differently: instead of 
the absolute continuity, we use bounds on the variation distance between P^ and P. 
This distance will decay exponentially in the direction u. 

In the case of nearest-neighbor, uniformly elliptic non-nestling walks in dimension 
d > 4 the quenched CLT has been proved earlier: first by Bolthausen and Sznitman 
under a small noise assumption, and recently by Berger and Zeitouni [l[ without 
the small noise assumption. Berger and Zeitouni [lj go beyond non-nestling to more 
general ballistic walks. The method in these two papers utilizes high dimension 
crucially. Whether their argument can work in d = 3 is not presently clear. The 
approach of the present paper should work for more general ballistic walks in all 
dimensions d > 2, as the main technical step that reduces the variance estimate to 
an intersection estimate is generalized (Section [6] in the present paper). 

We turn to the proofs. The next section collects some preliminary material and 
finishes with an outline of the rest of the paper. 



2. Preliminaries for the proof. 

As mentioned, we can assume that u G Z d . This is convenient because then the 
lattice Z d decomposes into levels identified by the integer value x ■ u. 

Let us summarize notation for the reader's convenience. Constants whose exact 
values are not important and can change from line to line are often denoted by C 
and s. The set of nonnegative integers is N = {0,1,2,...}. Vectors and sequences 
are abbreviated x m n = (x m , x m +i, . . . , x n ) and x m oo = (x m , x m +i, x m +2y ■ ■ ■ )• Similar 
notation is used for finite and infinite random paths: X mn = (X m , X m+ i, . . . , X n ) 
and X mj00 = (X m , X m+1 , X m+2 , ■■■)■ X[ , n ] = {X k ■ < k < n} denotes the set of 
sites visited by the walk. £)* is the transpose of a vector or matrix D. An element 
of M. d is regarded as a d x 1 column vector. The left shift on the path space (Z d ) N is 

E, E , and Eq denote expectations under, respectively, P, Pq, and Pq. will 
denote an invariant measure on Q, with expectation E,^. We abbreviate Pq°(-) = 
E oc P ( ^(-) and E^(-) = E^Eg (■) to indicate that the environment of a quenched 
expectation is averaged under F^. A family of a-algebras on Q that in a sense look 
towards the future is defined by &i = a{u x : x ■ u > £}. 
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Define the drift 



D(lu) = E^(X 1 )=J2^ 



The environment process is the Markov chain on Q with transition kernel 

U(u,A)=P^T Xl ueA). 

The proof of the quenched CLT Theorem 11.11 utilizes crucially the environment 
process and its invariant distribution. A preliminary part of the proof is summarized 
in the next theorem quoted from [t| . This Theorem 12.11 was proved by applying 
the arguments of Maxwell and Woodroofe [s| and Derriennic and Lin [B[ to the 
environment process. 

Theorem 2.1. |1] Let d > 1. Suppose the probability measure IPoo on (f2, &) is 
invariant and ergodic for the Markov transition IT. Assume that \ z \ 2 ^oo(^0z) < oo 
and that there exists an a < 1/2 such that as n — > oo 

E 00 [|^(X n )-nE 00 ( J D)| 2 ] = (J(n 2a ). (2.1) 

Then as n — > oo the following weak limit happens for Poo-a.e. u: distributions Q 1 ^ 
converge weakly on the space D R d[0, oo) to the distribution of a Brownian motion with 
a symmetric, non-negative definite diffusion matrix D that is independent of u. 

Another central tool for the development that follows is provided by the Sznitman- 
Zerner regeneration times 17| that we now define. For I > let be the first time 
the walk reaches level I relative to the initial level: 

Xe = min{n > : X n ■ u — Xq ■ u > £}. 

Define (3 to be the first backtracking time: 

(3 = inf{n > : X n ■ u < X ■ u}. 

Let M n be the maximum level, relative to the starting level, reached by time n: 

M n = max{Xk ■ u — Xq ■ u : < k < n}. 

For a > 0, and when (3 < oo, consider the first time by which the walker reaches level 
Mp + a: 

^Mp+a = inf{n > P : X n ■ u - X ■ it > Mp + a}. 
Let So = \ a and, as long as (3 o Q s ><-i < OQj define Sk = Sk-i + Xhi^+a ° 9 Sk ~ 1 for 
k > 1. Finally, let the first regeneration time be 

rf = SeHP 9 Sk < oo for < k < £ and (3 o 9 s * = oo}. (2.2) 

Non-nestling guarantees that is finite, and in fact gives moment bounds uniformly 
in lo as we see in Lemma [3.11 below. Consequently we can iterate to define = 0, 
and for k > 1 

( a ) ( a ) i ( a ) ar[ a \ /o o\ 

n-Tl^ + rl'oB^-K (2.3) 
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When the value of a is not important we simplify the notation to r k = 7^ . Sznit- 
man and Zerner 17j proved that the regeneration slabs 

<Sk ={T~k+l - T k , (X T +n - X T ) < n < T T , 

(2.4) 

{u>x Tk +z :0<z-u< (X Tk+1 - X Tk ) ■ u}) 

are i.i.d. for k > 1, each distributed as (ti, (^n)o<n<ri? : < z-u < X T1 -u\) under 
Pq{ ' I P — °°)- Strictly speaking, uniform ellipticity and nearest-neighbor jumps were 
standing assumptions in [13], but these assumptions are not needed for the proof of 
the i.i.d. structure. 

From the renewal structure and moment estimates a law of large numbers (11.31) and 
an averaged functional central limit theorem follow, along the lines of Theorem 2.3 



171 ] and Theorem 4.1 in [14j. These references treat walks that satisfy Kalikow's 



m 

condition, considerably more general than the non-nestling walks we study. The 
limiting velocity for the law of large numbers is 

_ E (X T1 \p = oo) 
V ~ E ( Tl \(3 = oo) ■ {2 - b) 

The averaged CLT states that the distributions Po{B n £ • } converge to the distri- 
bution of a Brownian motion with diffusion matrix 

Eo[r 1 \P = oo} ■ [Z - b) 

Once we know that the P-a.s. quenched CLT holds with a constant diffusion matrix, 
this diffusion matrix must be the same D as for the averaged CLT. We give here the 
argument for the degeneracy statement of Theorem 11.11 

Lemma 2.1. Define D by 02.61) and let u E R d . Then u tf jDu = iff u is orthogonal 
to the span of {x — y : E(7i 0x )~E(7i 0y ) > 0}. 

Proof. The argument is a minor embellishment of that given for a similar degeneracy 
statement on p. 123-124 of Ei for the forbidden-direction case where tiq )Z is supported 
by z ■ u > 0. We spell out enough of the argument to show how to adapt that proof 
to the present case. 

Again, the intermediate step is to show that u tf Du = iff u is orthogonal to the 
span of {x — v : K(tiq x ) > 0}. The argument from orthogonality to u tr Du = goes as 
in [HI p. 124]. 

Suppose u tf £>u = which is the same as 

Pq(X Ti ■ U = TiV ■ u | (3 — oo) = 1. 

Suppose z is such that E,-Ko, z > and z ■ u < 0. By non-nestling there must exist w 
such that F,7i 0tZ 7i 0jW > and w ■ u > 0. Pick m > so that (z + mw) ■ u > but 
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[z + (m — l)w) ■ u < 0. Take a = 1 in the definition ( 12.21) of regeneration. Then 
Po[X Tl = z + 2mw, T\ = 2m + 1 | (3 — oo] 



i=0 i=0 

Consequently 

(2; + 2mw) ■ u — (1 + 2m)t> • w. (2.7) 

In this manner, by replacin g oy with n and by adding in the no-backtracking 
probabilities, the arguments in [10|, p. 123] can be repeated to show that if E^ > 
then x ■ u = v ■ u for x such that x ■ u > 0. In particular the very first step on p. 123 
of [l(| gives w ■ u = v ■ u. This combines with (12.71) above to give z ■ u = v ■ u. Now 
simply follow the proof in [l(], p. 123-124] to its conclusion. □ 

Here is an outline of the proof of Theorem 11.11 It all goes via Theorem 12.11 

(i) After some basic estimates in Section[3l we prove in SectionH]the existence of the 
ergodic equilibrium required for Theorem 12.11 is not convenient to work with 
so we still need to do computations with P. For this purpose Section H] proves that in 
the direction u the measures P M and P come exponentially close in variation distance 
and that the environment process satisfies a Pq-sls. ergodic theorem. In Section 
we show that P^ and P are interchangeable both in the hypotheses that need to be 
checked and in the conclusions obtained. In particular, the Poo-a.s. quenched CLT 
coming from Theorem 12.11 holds also P-a.s. Then we know that the diffusion matrix 
D is the one in (12.61) . 

The bulk of the work goes towards verifying condition (12.11) . but under P instead 
of Pqo. There are two main stages to this argument. 

(ii) By a decomposition into martingale increments the proof of (12. ip reduces to 
bounding the number of common points of two independent walks in a common 
environment (Section [6]). 

(iii) The intersections are controlled by introducing levels at which both walks 
regenerate. These common regeneration levels are reached fast enough and the pro- 
gression from one common regeneration level to the next is a Markov chain. When 
this Markov chain drifts away from the origin it can be approximated well enough by 
a symmetric random walk. This approximation enables us to control the growth of 
the Green function of the Markov chain, and thereby the number of common points. 
This is in Section [7] and in an Appendix devoted to the Green function bound. 

3. Basic estimates for non-nestling RWRE 

This section contains estimates that follow from Hypotheses (N) and (M), all col- 
lected in the following lemma. These will be used repeatedly. In addition to the 
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stopping times already defined, let 

H z = mm{n > 1 : X n = z} 
be the first hitting time of site z. 

Lemma 3.1. Iff satisfies Hypotheses (N) and (M), then there exist positive constants 
r), 7, k, (C p )p>i, and s\ < s , possibly depending on M, s , and 5, such that for all 
x G Z , n > 0, s G [0, s\], p > 1, £ > 1, for z such that z ■ u > 0, a > 1, and for 
f-a.e. uo, 

E" x {e- sXn - il ) < e- sx -\l - sS/2) n , (3.1) 

P^{X 1 -u>x-u + ^)>k, (3.3) 

E%(\ p e ) < C P F, (3.4) 

E^(\X Xe -x\ p ) <C P £ P , (3.5) 

££[(M ft - z ■ u) p l{H z < n}} < C P £ P P%{H Z < n) + C p s- p e~ se/2 , (3.6) 

J^GS = oo) > r,, (3.7) 

^(|rf tt) n <C p aP, (3.8) 

^(l^rW+n - *»| P ) < <V> f 0r dl ? > P" ( 3 ' 9 ) 

The particular point in (I3.8l) - fl3.9p is to make the dependence on a explicit. Note 
that (!X7D- (l3Tg]) give 

Efa-Tj-x)* < co (3.10) 
for all j > 1. In Section 0] we construct an ergodic invariant measure for the 
environment chain in a way that preserves the conclusions of this lemma under P M . 

Proof. Replacing x by and to by T x to allows us to assume that x — 0. Then for all 
sG [0,a /2] 

\E%(e- sX ^) - 1 + sE^(X 1 -u)\< lufE^dX^e 30 ^ 2 )^ 

< (2\u\/s ) 2 e soM s 2 = cs\ 
where we used moment assumption (M). Then by the non-nestling assumption (N) 

E^{ e - sXn - ix \X n _ 1 ) = e-sxn-i-ugu^^-sixt-xo)-^ < g-^-i-^ _ sS + cs 2)_ 

Taking now the quenched expectation of both sides and iterating the procedure proves 
(13.11) . provided si is small enough. To prove (I3.2p one can instead show that 

E^(e s ^ =1 l x fc~ x fc-il) < e snM . 

This can be proved by induction as for (13. ip . using only Hypothesis (M) and Holder's 
inequality (to switch to s ). 
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Concerning (13.31) . we have 

Po(Xi ■ u > 7) > (1 - e' s (l - s5/2)) — > 8 5/2. 

So taking 7 small enough and k slightly smaller than s5/2 does the job. 
Notice next that Ptf{\i < 00) = 1 due to (EH}. P-a.s. Then 

Eg(\f) < $> + > n) < $> + 1 W(X n • u < 1) 

n>0 n>0 

< e s J2( n + 1 T E o( e ~ sXn ' {i )- 

n>0 

The last expression is bounded if s is small enough. Therefore, 

r.M+l „-, M+l 



8=1 



£(A, - Aj_i) < ([£] + l)^ 1 £ K [Ex^ (A?) ] < C7 P 



i=l 



Bound (I3.5p is proved similarly: by the Cauchy-Schwarz inequality, Hypothesis (M) 
and (JUT]), 

E%(\X Xl \ p ) < Y,E%{\Xn\ 2p ) 1/2 PZ{Xn-l ■ U < 1) 1/2 



n>l 



< ([2p}\ S - [2p] e soM e s ) 1/2 ^(1 - s5/2f n ^' 2 n p < C p . 



n>l 



To prove (13.61) . write 
E%[(M Hz -z-u) p l{H z <n}} 

<C P J2 Z p - X P*{M Hz -z-u>£,H z <n) + C P £ P P£(H Z < n) 



£>£ 



<C P J2J2 lP ~ lE ^ P K, +l {X k -u-X Q -u< -£)] + C P £ P P£{H Z < 

£>e fc>o 

<C P J2 Z P ~ l z~ Sl + C P i p Po(H z <n)< C p s- p e- s£o/2 + C P £ P P£(H Z < 



n) 
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£>£ 



To prove (13.71) . note that Chebyshev inequality and (13.11) give, for s > small 
enough, £ > 1, and P-a.e. u 

P£(\-e +1 <oo)<J2 Po(X n ■ u < -{£ - 1)) < 2{s5Y l e^ 1 \ 

n>0 

On the other hand, for an integer £ > 2 we have 

P£(\e <P)> J2 P o( X ^ < P> x *t-i = = 00). 
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Therefore, taking £ to infinity one has, for £ large enough, 

W = oo) > P£(\ £o <0)l[(l- 2{s8Y x e 



Markov property and (JE3D give Pq{Xi <{$)> k £ °^ +1 > and ([377]) is proved. 
Now we will bound the quenched expectation of \ p Mf3+a l{j3 < oo} uniformly in u. 

To this end, for pi > p and q\ = p±(pi — p) -1 , we have by (13.71) 



K (V^ < °°» ^ E^° (A P A/ri+a 2{/3 = n}) 

n>l 

* — ■ v / \ P/Pi / \ 



n>l 



By ( 13 .4p one has, for p 2 > p\ > p and q 2 = Pi{j>2 — Pi) \ 

Ki>?M n+a ) < E { E o(^ + i + a)) Pl/P \Po([M n }=rn^ 1/92 

m>0 

n 

< C p ^2(m + 1 + a) Pl ( ^ P "(X i • u > 



_ m 

m>0 ' i=0 



where C p really depends on p\ and p 2 , but these are chosen arbitrarily, as long as 
they satisfy p 2 > Pi > V- Using (13.21) one has 



p»( X .v>m)< I 1 ifm<2M|n|z, 

Hence, 

#o ( a m„+J < ^ E^ m + 1 + a ) Pl ( nl { m < 2Mn\u\} + e - sm/2 ) 1/q ' 2 

m>0 

< C p n(n + a) Pl n 1/q2 + C p J^i™ + l) Pl e - sm/2q2 + C p a Pl 

m>0 m>0 

< C p n 1+1/q2 {n + a) Pl . 

Since {(3 = n} C {X n ■ u < 0}, one can use (13.11) to conclude that 

#o (A^ +a l{/3 < oo}) < C P Y,n p/pi+pl ^ q2 \n + a) p (l - s5/2) n ^ < C p a p 

n>l 



e -sm/2q 2 
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In the last inequality we have used the fact that a > 1. Using, (13.71) . the definition 
of the times Sf., and the Markov property, one has 

E%[S%1{P o 6 Sk < oo for < k < £ and f3 o 6 Se = oo}] 

<(£ + l)*" 1 (E%[\*1{I3 o 6 Sk < oo for < k < £}} 
e-i 

+ E o [A^ +a o &1{P o s * < oo for < k < £}]) 

3=0 

i-\ 

<(£+ If- 1 (c p a"(l - ^ + E( J - v) j C p a*>(l - r^" 1 ) 

j=0 

< C p (£+ lY{l-r,Y~ l a p . 
Bound (13.81) follows then from ( 12.2ft . To prove (13.91) let g > p and write 

#0 (I* W +n - X n\ P ) < J2 E o(\ X k+l+n ~ X^T^ ^{k < T™}) 

fe>0 

< ^ k ^ q+PE 0(\Xk+l+n-X k+n \ P \A a) \ q ) 

< C p ^k~ l ~ q+p E^(\T[ a) \ 2q ) 1/2 < C q a\ 

k>0 

where we have used Hypothesis (M) along with the Cauchy-Schwarz inequality in 
the second to last inequality and (I3.8P in the last. This completes the proof of the 
lemma. □ 

4. Invariant measure and ergodicity 

For £ e Z define the a-algebras &£ = o~{uo x : x ■ u > £} on Q. Denote the restriction 
of the measure P to the a-algebra &£ by P|e £ - 111 this section we prove the next 
two theorems. The variation distance of two probability measures is d Var (fi, v) = 
swp{fi(A) — v(A)} with the supremum taken over measurable sets A. 

Theorem 4.1. Assume P is product non-nestling (N) and satisfies the moment hy- 
pothesis (M). Then there exists a probability measure P^ on Q with these properties. 

(a) Pqo is invariant and ergodic for the Markov transition kernel II. 

(b) There exist constants < c, C < oo such that for all £ > 

dv„(Poo| 6< ,P| 6< ) ^Ce^. (4.1) 

(c) Hypotheses (N) and (M) and the conclusions of Lemma 13.11 hold F^,-almost 
surely. 

Along the way we also establish this ergodic theorem under the original environ- 
ment measure. denotes expectation under P^. 
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Theorem 4.2. Assumptions as in Theorem 14.11 above. Let ^ be a bounded 6_ a - 
measurable function on Q, for some < a < oo. Then 

71-1 

lim n' 1 ^(Tx-oj) = E x V I ; P -almost surely. (4.2) 

3=0 

The ergodic theorem tells us that there is a unique invariant P^ in a natural 
relationship to P, and that P^ <C P on each er-algebra <5_ a - Limit (14. 2[) cannot 
hold for all bounded measurable ^ on Q because this would imply the absolute 
continuity P^ C P on the entire space Q. A counterexample that satisfies (N) 
and (M) but where the quenched walk is degenerate was given by Bolthausen and 
Sznitman 0, Proposition 1.5]. Whether regularity assumption (R) or ellipticity will 
make a difference here is not presently clear. For the simpler case of space-time walks 
(see description of model in [9() with nondegenerate Pq absolute continuity P M <C P 
does hold on the entire space. Theorem 3.1 in j2| proves this for nearest-neighbor 
jumps with some weak ellipticity. The general case is no harder. 



Proof of Theorems \4-l\ and \4-S\ Let F n (A) = P (Tx n u> G A). A computation shows 
that 

dW 

/n(oO = -^(")=£WX» = 0). 

x 

By hypotheses (M) and (N) we can replace the state space Q = V zd with the 
smaller space Qq = Vff' where 

V = {(p z ) eV:J2 eMA P* < e "° M and Yl z ' ^Vz > S }. (4.3) 

z z 

Fatou's lemma shows that the exponential bound is preserved by pointwise conver- 
gence in Vq. Then the exponential bound shows that the non-nestling property is also 
preserved. Thus Vo is compact, and then fl Q is compact under the product topology. 

Compactness gives a subsequence {nj} along which the averages nj~ l ^m=i 
converge weakly to a probability measure F M on Q . Hypotheses (N) and (M) transfer 
to Pqo by virtue of having been included in the state space f2 . Thus the proof of 
Lemma I3TT1 can be repeated for Poo-a.e. u. We have verified part (c) of Theorem 14.11 

Next we check that P^ is invariant under II. Take a bounded, continuous local 
function F on Qq that depends only on environments (u x : \x\ < K). For G Qq 

\UF(u) - UF(Q)\ = \E%[F(T Xl u)} - E%[F(T Xl u))]\ 

< £ \ixq )Z {u)F{T z uj) - ir ,z(v)F(T z u>) + ^ (no,z( u ) + ^zip))- 

\z\<C \z\>C 

From this we see that IIF is continuous. For let ui — > u in Qq so that <jj X)Z — > u XsZ at 
each coordinate. Since the last term above is controlled by the uniform exponential 
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tail bound imposed on Vq, continuity of UF follows. Consequently the weak limit 
n j~ 1 Em=i Poo together with P n+ i = P„II implies the Il-invariance of P^. 

We show the exponential bound (14. ip on the variation distance next because the 
ergodicity proof depends on it. On metric spaces total variation distance can be 
characterized in terms of continuous functions: 

d Var (/i, v) = — sup | J fdfi — J fdv : f continuous, sup |/| < l|. 

This makes <i Var (/^, v) lower semi continuous which we shall find convenient below. 
Fix t > 0. Then 



n\e e 



E \ V P£(X n = 0, max X r u< £/2) I S t ] 



dP, e< L ^ x " 'i<» 

+ VE[P;(I n = 0,maxX, ■ u > £/2)\& e ]. 

x 

The L 1 (P)-norm of the second term is bounded by 



(4.4) 



In,l — -Po( max -^j • u > X n ■ u + £/2) 



and (13.11) tells us that 



I n ,i < e ~ sm ( l ~ s5/2) n ~ j < Ce~ se/2 . (4.5) 

3=0 

The integrand in the first term of (14. 4p is measurable with respect to cr(u x : x-u < £/2) 
and therefore independent of &£. The distance between the whole first term and 1 is 
then 0{I n> i). Thus for large enough £, 



dF <2I nl < Ce~ cl . 



By the construction of P^ as the Cesaro limit and by the lower semicontinuity and 
convexity of the variation distance 



j 

cl 



P|sJ < lim n j 1 ^2 ^va r (Pm|e,,P|sJ < Ce 

j— >oo , 

Part (b) has been verified. 

As the last point we prove the ergodicity. Recall the notation Eq° = K^Efi. Let 
\& be a bounded local function on Q. It suffices to prove that for some constant b 



lim E 



n-l 

oo 



n— >oo 



n-^ViTx^-b =0. (4.6) 

3=0 
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By an approximation it follows from this that for all F e L 1 (P 0O ) 

ra-1 

n-^IF'F^-^EooF inL^Poo). (4.7) 

By standard theory (Section IV. 2 in [12]) this is equivalent to ergodicity of P^ for 
the transition II. 

We combine the proof of Theorem 14.21 with the proof of 04. 6p . For this purpose let 
\P be ©_ a+ i-measurable with a < oo. Take a to be the parameter in the regeneration 
times (O- Let 

n+i-l 

From the i.i.d. regeneration slabs and the moment bound (13.101) follows the limit 

T m — 1 m—1 

lim m" 1 y ty(Tx to) = lim m _1 } ipi = b$ Po-almost surely, (4-8) 

j=0 i=0 

where the constant b is defined by the limit. 

To justify this more precisely, recall the definition of regeneration slabs given in 
( 12.41) . Define a function $ of the regeneration slabs by 

72-1 

$(6b,5 lj ^,...) = X;*(Tx J .w). 

3=71 

Since each regeneration slab has thickness in w-direction at least a, the \l/-terms in 
the sum do not read the environments below level zero and consequently the sum is 
a function of (So, Si, S2, ■ ■ ■ )• Next one can check for k > 1 that 

^{x Tk _ 1+ .-x Tk ^)-\ 

$(S k ^,S k ,S k+1 , ...)= ^{ T Xr k _ 1+3 -x Tk _STx Tk _u)) = <p k . 

j=n(X Tk _ 1+ .-X Tk _ 1 ) 

Now the sum of 9?-terms in (14.81) can be decomposed into 

m-2 

V?o + V?i + ^ ®( Sk > S^ 1 ' Sk+2 ' ■ ■ ■ )■ 

k=l 

The limit ( 14.81) follows because the slabs (S k ) k >i are i.i.d. and the finite initial terms 
(fo + <fi are eliminated by the m~ l factor. 

Let a n = mi{k : Tk > n}. Bounds (I3.7l) - ()3.8p give finite moments of all orders to 
the increments r fc — r fc „x and this implies that ri~ 1 (r Qn „i — T an ) — > P -almost surely. 
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Consequently (14.81) yields the next limit, for another constant b: 

b 
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P -almost surely 



(4.9) 



n-l 

lim rT 1 Y^{T X . 

n— >oo ' ' 

3=0 

By boundedness this limit is valid also in L 1 (P ) and the initial point of the walk is 
immaterial by shift-invariance of P. Let £ > and choose a small Eq > 0. Abbreviate 

n-l 



G n>x (uj) 



Et 



n 



j=0 



It mf X~ ■ u > X ■ u - £ £/2] 
j>o ' 



Let 



J = {x G Z d : x ■ u > e £, \x\ < A£} 
for some constant A. Use the bound (14.11) on the variation distance and the fact that 
the functions G ntX {uj) are uniformly bounded over all x, n, u, and, if £ is large enough 
relative to a and Eo, for i6l the function G niX is (5 eo ^/3-measurable. 



P 



< Ci d e- X x E ooG n ,, < C£*e? £ EG n/x + C£ 2d e^e~ C£ ^ 3 . 

By (14. 9 p EG n )Z — > for any fixed x. Thus from above we get for any fixed 
lim E™[l{Xe G l}G n<Xe ] < £l + C£ 2d e^e- C£oe ^. 



(4.10) 



The reader should bear in mind that the constant C is changing from line to line. 
Finally, we write 

n-l 



lim E, 



o 



n 



j=0 



< lim E™ 

n— >oo 



n+^-1 

i{x, e T}^- 1 ^ *(T X .a;) - & 



J{inf X,- • w > X t ■ u - e £/2} 



+ CP£°{X e i 1} + L7P °°{inf A, • m < X e ■ u - e Q £/2] 
< Tim" P °° [ I{X, G J}G„ A ] + CP °°{^ • u < e £} 

n— >oo 

+ CP °°{ \X e \ > At} + CE^P^MXj -u<X -u- e £/2}. 

As pointed out, P^ satisfies Lemma [3.11 because hypotheses (N) and (M) were built 
into the space Qq that supports P^. This enables us to make the error probabilities 
above small. Consequently, if we first pick Eq and e\ small enough, A large enough, 
then i large, and apply (I4.10p . we will have shown (14.61) . Ergodicity of P^ has been 
shown. This concludes the proof of Theorem 14.11 
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Thereom 14.21 has also been established. It follows from the combination of (14.61) 
and (|£5|) . □ 

5. Change of measure 

There are several stages in the proof where we need to check that a desired con- 
clusion is not affected by choice between P and P^. We collect all instances of such 
transfers in this section. The standing assumptions of this section are that P is an 
i.i.d. product measure that satisfies Hypotheses (N) and (M), and that P^ is the 
measure given by Theorem 14. 11 We show first that can be replaced with P in the 
key condition (12. 1ft of Theorem 12.11 

Lemma 5.1. The velocity v defined by (12.51) satisfies v = E oc (Z)). There exists a 
constant C such that 

\E (X n ) — nE OQ (D)\ < C for all n > 1 . (5.1) 

Proof. We start by showing v = E oc (i5). The uniform exponential tail in the defi- 
nition (14. 3 p of Vq makes the function D(oj) bounded and continuous on VLq. By the 
Cesaro definition of P^, 

n j — 1 rij — 1 

E 00 ( J D) = lim - Y] E k (D) = lim - V E [D(T Xk u)}. 
fcj 71, 

The moment bounds ( I3.7l) -( l3~9|) imply that the law of large numbers n~ 1 X n — > v 
holds also in L 1 (P )- From this and the Markov property 

n—1 1 n—1 

v= lim - y^E (X k+1 -X k )= lim — E [D(T Xk uj)}. 

k=0 k=0 

We have proved v = Eoo(£)). 

The variables (X Tj+1 — X Tj , r,- +1 — Tj)j>i are i.i.d. with sufficient moments by (13.71) - 
(13.91) . With a n = mi{j > 1 : r 3 ■ — T\ > n} Wald's identity gives 

E (X Tan -X T1 ) = E {a n )E (X T1 \/3 = oo) and E^t^-tx) = J B (a n ) J B (ri|/3 = oo). 

Consequently, by the definition (12. 5p of v, 

E (X n ) - nv = vE (r an - t x - n) - E (X Tan - X T1 - X n ). 

It remains to show that £'o(T Q , n — T\ — n) and Eo(X Tan — X T1 — X n ) are bounded by 
constants. We do this with a simple renewal argument. Let Yj = r J+ i — Tj for j > 1 
and Vq = 0, V m — Y\ + ■ ■ ■ + Y m . The quantity to bound is the forward recurrence 
time B n = min{A; > : n + k G {V m }} because r a „ — t\ — n = B n . 

We can write 

n-l 



B n = (Y 1 -n) + + J2 HYi = k}B n „ k o 9 



k=l 
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where 9 shifts the sequence {Y k } and makes B n _ k ° independent of Y\. The two 
main terms on the right multiply to zero, so for any integer p > 1 

n.-l 

5£ = ((Fx - n)+)* + ^ I{y x = fc}(5 n „ fc o 

fc=i 

Set z(ra) = £ ((*i - n) + ) p . Moment bounds f^7jl -(M give E {Yf +1 ) < oo which 
implies 5^z(n) < oo. Taking expectations and using independence gives the discrete 
renewal equation 

n.-l 

EoBP = z(n) + Po(Y 1 = k)E B p n _ k . 
k=l 

Induction on n shows that EqB p < X^fc=i z (fy — C(p) for all n. In particular, 
Eo(T an — ri — n) p is bounded by a constant uniformly over n. To extend this to 
Eq\X t — X T1 — X n \ p apply an argument like the one given for (13.91) at the end of 
Section [3j □ 

Proposition 5.2. Assume that there exists an a < 1/2 such that 

E (\E%(X n ) - E (X n )\ 2 ) = (J(n m ). (5.2) 

Then condition (12.11) is satisfied for some a < 1/2. 

Proof. By ( 15.1 \ assumption (15.21) turns into 

E(\E%(X n )-nv\ 2 ) = (J{n m ). (5.3) 

In the rest of this proof we use the conclusions of Lemma 13.11 under P^ instead of P. 
This is justified by part (c) of Theorem 14. 11 

For k > 1, recall that = infjra > : (X n — Xq) ■ u > k}. Take k = [n p ] for 
a small enough p > 0. The point of the proof is to let the walk run up to a high 
level k so that expectations under F M can be profitably related to expectations under 
P through the variation distance bound (14. ip . Estimation is needed to remove the 
dependence on the environment on low levels. First compute as follows. 

Eoo [\E$(X n - nv)\ 2 } = Eoo [\E%(X n - nv, X k < n) + E%{X n - nv, X k > n)\ 2 ] 

< 2EOO [ \E%(X n - X Xk - (n - X k )v, X k < n) - E%(X k v, X k < n) + E%{X Xk ,\ h < n) 2 \ ] 

+ <7(n 2 E 00 [P£(X k >n)}) 

2 

Po( X m = x,X k = m)E^{X n _ m -x-(n- m)v} 

(5.4) 

+ a(k 2 + n 2 e sk (l- s5/2) n ). 

The last error term above is 0(n 2p ). We used the Cauchy-Schwarz inequality and 
Hypothesis (M) to get the second term in the first inequality, and then (13.11) . (13 ,4p . 
and (13.50 in the last inequality. 



< SE^ 
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To handle the expectation on line (15. 4p we introduce a spanning set of vectors 
that satisfy the main assumptions that u does. Namely, let {u,i}f =1 span M. d and 
satisfy these conditions: \u — Ui\ < 5/(2M), where 5 and M are the constants from 
Hypotheses (N) and (M), and 



u 



ccjWj with on > 0. 



(5.5) 



i=l 



Then non-nestling (N) holds for each Wj with constant 5/2, and all the conclusions 
of Lemma 13.11 hold when u is replaced by Ui and 5 by 5/2. Define the event A k = 
{inf i Xi ■ u > k} and the set 

A = {x G Z d : minx • Ui > 1}. 

i 

The point of introducing A is that the number of points x in A on level x ■ u = £ > 
is of order 0(£ d ~ l ). 

By Jensen's inequality the expectation on line (15. 4p is bounded by 



2E r 



+ E C 



2E, 



Po(X m = x, A fc = m)\E"{X n - m - x - (n - m)v, A k/2 } 

u>k 
<n 

Po(Xm = x,\ k = m)\E»{X„ -x-(n- m)v}\ 



x£A, x-u>k 
0<m<n 



(5.6) 



0<m<n 
x^A 



K( x m = x, \ k = m)\E^{X n _ m -x-(n- m)v, A c k/2 }\ 



L 0<m<n 
x-u>k 



By Cauchy-Schwarz, Hypothesis (M) and (13. ip . the third term is Q(n 2 e sk / 2 ') = 
£7(1). The second term is of order 

n 2 maxE oo [P w (X A , • ^ < 1)] < n 2 max V E^ Ul%(X m ■ Ui < l)P£(X m ■ u > k)) 1/2 

i i *— » L 

m>l 

< e s/2 U 2 ^(1 - s5 / A )m/2 e -^/2^M\u\m/2 
m>l 

= a(n 2 e-^ k/2 ) = (7(1), 

for /i small enough. It remains to bound the term on line (I5.6p . To this end, by 
Cauchy-Schwarz, (I3.2p and (13.11) . 

P£(X m = X,X k =m)< {e -^/2 e sM\u\ m /2 A 1} x {eMfc /2 (1 _ ^ /2 )(m-l)/2 /\ 1 j = 

Notice that 

^-| e -^.«/2 e ,M|«| m /2 A X | = p^d) 
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and 

m d K fc/2 (l - /i5/2) (m ~ 1)/2 A 1} = G(k d+1 ). 



Substitute these back into line (15.61) to eliminate the quenched probability coefficients. 
The quenched expectation in (I5.6P is &k/2~ measurable. Consequently variation dis- 
tance bound (14. ip allows us to switch back to P and get this upper bound for line 
(ED: 



2 P*,m,iMK{Xn-m - x - (n - m)v, A k/2 }\ 2 ] + (J(k d+1 n 2 e 



ck/2\ 



x£A, x u>k 
0<m<n 



The error term is again 0(1). 

Now insert A£ , 2 back inside the quenched expectation, incurring another error term 

of order (J(k d+1 n 2 e~ sk ^ 2 ) = C7(l). Using the shift-invariance of P, along with (15. 3p . 
and collecting all of the above error terms, we get 

E 00 [\E^(X n -nv)\ 2 } 

= Yl ?W E t \E^{X n _ m -x-(n- m)v}\ 2 ] + (J{n 2p ) 



xgA, x-u>k 
0<m<n 

= 0{k d+1 n 2a + n 2p ) = (J(n p{d+ V +2 «). 

Pick p > small enough so that 2a = p(d + 1) + 2a < 1. The conclusion (12.11) 
follows. □ 

Once we have verified the assumptions of Theorem 12.11 we have the CLT under 
Poo-almost every u. But we want the CLT under P-almost every uj. Thus as the final 
point of this section we prove the transfer of the central limit theorem from P M to P. 
This is where we use the ergodic theorem, Theorem 14.21 Let W be the probability 
distribution of the Brownian motion with diffusion matrix D. 

Lemma 5.3. Suppose the weak convergence =^> W holds for W^-almost every u. 
Then the same is true for ¥-almost every u. 

Proof. It suffices to show that for any bounded uniformly continuous F on D R d[0, oo) 
and any 5 > 



lim E%[F(B n )] < I FdW + 6 P-a.s. 



By considering also — F this gives Eq[F{B T} )] J F dW P -a..s. for each such func- 
tion. A countable collection of them determines weak convergence. 
Fix such an F. Let c = J F dW and 

h(u) = hm E%[F(B n )]. 
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For £ > define the events 

A„ e = {inf X n -u > -£} 

n>0 

and then 

h t (u) = lim Eq[F(B h ), A_ e ] and V(u) = 1{uj : h t (u) < c+\5}. 

n— >oo 

The assumed quenched CLT under gives Poo{^ = c} = 1. By (13. ip . and by its 
extension to Poo in Theorem 14.1( c). there are constants < C, s < oo such that 

\h(cj)-h t (u)\ < Ce~ s£ 

uniformly over all u that support both P and Poo. Consequently if 5 > is given, 
Eqo^ = 1 for large enough t. Since ^ is ©_r measurable Theorem 14.21 implies that 

n 

n -i ^2^(T x .u) 1 Po-a.s. 

j'=i 

By increasing £ if necessary we can ensure that {Ji£ < c + ^5} G {h < c + 5} and 
conclude that the stopping time 

C = inf{n > : h(T Xn u) <c + 6} 

is Po-a.s. finite. From the definitions we now have 

lim" Eo XcU [F(B n )] < [ F dW + 6 P -a.s. 

Then by bounded convergence 

lhrl E%El X ^[F(B n )\ < [ FdW + 5 P-a.s. 

Since £ is a finite stopping time, the strong Markov property, the uniform continuity 
of F and the exponential moment bound (13. 2p on X-increments imply 

IrnT £ft[F(£ n )] < [ F dW + S P-a.s. 

This concludes the proof. □ 

6. Reduction to path intersections 

The preceding sections have reduced the proof of the main result Theorem 11.11 to 
proving the estimate 

E ( \E% (X n ) - E (X n )\ 2 ) = 0{n 2a ) for some a < 1/2. (6.1) 

The next reduction takes us to the expected number of intersections of the paths of 
two independent walks X and X in the same environment. The argument uses a de- 
composition into martingale differences through an ordering of lattice sites. This idea 
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for bounding a variance is natural and has been used in RWRE earlier by Bolthausen 
and Sznitman 0]. 

Let Pq be the quenched law of the walks (X, X) started at (Xq,Xo) = (0,0) and 
Po,o — f Poo^idu) the averaged law with expectation operator E 0>0 . The set of sites 
visited by a walk is denoted by X\^ n \ = {Xk '■ < k < n} and \A\ is the number of 
elements in a discrete set A. 

Proposition 6.1. Let P be an i.i.d. product measure and satisfy Hypotheses (N) and 
(M). Assume that there exists an a < 1/2 such that 

E ,o(\X [0>n) nX [0>n) \) = 0{n m ). (6.2) 

Then condition (16.1 1) is satisfied. 

Proof. For L > 0, define B(L) = {x E Z d : \x\ < L}. Fix n > 1, c > and let 
(xj)j>i be some fixed ordering of B(cMn) satisfying 

Vz > j : Xi ■ u > Xj ■ it. 

For B C Z d let & B = a{uj x : x G -B}. Let A, = {x\, . . . ,Xj}, Co = E (X n ), and for 

0=E(^(X n )|6 A ,). 
(0 ~ Cj-i)i>i IS a sequence of L 2 (P)-martingale differences and we have 

E[\E%(X n )-E (X n )\ 2 ] (6.3) 

< 2E[\E (X n ) - E{E%(X n )\6 B(cMn) }\ 2 ] 

+ 2E\\E%(X n ,max\Xi\ > cMn) 

i<n 

- E{E£(X n , max \X { \ > cMn) \ e B(cMn) }\ 2 1 

|S(cMn) 

< 2 ^ E( |0 - Ci-il 2 ) + (7(n 3 e- sM ^-^ n ). (6.4) 

i=i 

In the last inequality we have used (13.21) . The error is 0(1). For z G Z d define 
half-spaces 

= {x G Z d : x • u > z ■ u}. 

Since A,-_i C C H(xj) c , 

E(|0 -O-1I 2 ) 

P(d^.)| y J F(du A o)F(dw x .)(E$(X n ) - 4^Vn)) 

< // F(dcu n{xj) o)F(dcu Xj ) [ F(du; H{xj) )(E%(X n )-E^ Xj \x n )) \ (6.5) 



Above (u,u x .) denotes an environment obtained from uj by replacing u x . with Co x 
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We fix a point z = Xj to develop a bound for the expression above, and then return 
to collect the estimates. Abbreviate Co = (u,u Xj ). Consider two walks X n and X n 

starting at 0. X n obeys environment u, while X n obeys u. We can couple the two 
walks so that they stay together until the first time they visit z. Until a visit to z 
happens, the walks are identical. So we write 

J F(dcu n{z) ) (E%(X n ) - E*{X n )) (6.6) 

/n— 1 
¥(dw H{z) ) P o(H z = m) (E^(X n _ m - z) - E*(X n _ m - z)) 
m=0 

/n— 1 
F(duo H(z) ) V V Pq(H z = m,£-l< max Xj ■ u - z ■ u < t) 
' J ' J 0<j<m 



m=0 e>o 

x (E^(X n _ m -z)- E*(X n _ m - z)). 



(6.7) 



Decompose TC(z) = 7it(z) U Ti.' £ (z) where 

Hi{z) = {x e Z d : z ■ u < x ■ u < z ■ u + £} and Ti' e (z) = {x G Z d : x ■ u > z ■ u + £}. 

Take a single (£, m) term from the sum in (16. 7p and only the expectation E z (X n _ m — 
z). 

I F(du H(z) )P£(H z = m,£-l< max X r u- z ■ u < £) 

J 0<j<m. 

xE^{X n _ m -z) 
= / ¥{duj H(z) )PQ{H z = m,£-l< max X r u-z-u<£) 

J 0<j<m (g_g) 

*E%(X W . -X w ) 

z v +n—m rl ' 

+ J F(duj n{z) )Pg(H z =m,£-l< max X r u- z ■ u < £) ^ ^ 

xE»(X n _ m -X Ti e )+n _ m + X Tr) -z) 

The parameter £ in the regeneration time of the walk started at z ensures that the 
subsequent walk X^w stays in H' £ (z). Below we make use of this to get independence 

from the environments in H,' e (z) c . By (13.91) the quenched expectation in (16.91) can be 
bounded by C p £ p , for any p > 1. 
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Integral ( 16. 8ft is developed further as follows. 

/F(dtu-H( z )) Pq (H z = m, £ — 1 < max Xj ■ u — z ■ u < 
0<j<m 



I 



x E^(X (jt) — X (£)) 

z v +n—m t{ ' 

uj-hj z ))Pq(H z = m, £ — 1 < max Xj ■ u — z • u < £) 

0<j<m 

x |p(^ (z) )^(X r , )+n _ m -X TiW ) 
F(duj He(z ))Po(H z = m,£-l< max X r u- z-u<£) 

0<j<m 

x E z (x r (, )+n _ m - x T (t)\e n{2) c) 

F(du Hi{z ))PZ(H z = m, £ - 1 < max X 3 ■ u - z ■ u < £) 

0<]<m (6.10) 

x E (X n _ m \(3 = oo). 

The last equality above comes from the regeneration structure, see Proposition 1.3 in 
Sznitman-Zerner [13]. The a-algebra & H i^ z y is contained in the a-algebra Q\ defined 
by (1.22) of 17| for the walk starting at z. 

The last quantity (16.101) above reads the environment only until the first visit to z, 
hence does not see the distinction between uj and cD. Hence when the integral (16.71) is 
developed separately for u and Co into the sum of integrals (I6.8P and (16.91) , integrals 
(16.81) for uj and Co cancel each other. We are left only with two instances of integral 
(16.91) . one for both to and Co. The last quenched expectation in (16.91) we bound by 
C p £ p as was mentioned above. 

Going back to (16. 6p . we get this bound: 

F{dunw)(ES{X n )-E%(X n )) 
<C P I F(du H ( z )) ^ £ p Po{H z <n,£-l< max X r u- z-u<£) 

^ £>0 z 

C p j F(dujH {z) )E%[(M Hz - z ■ u) p l{H z < n}} 

< C p n p£ j F(du n(z) )PZ(H z <n) + C p s- p e~ sne / 2 . 

For the last inequality we used (13. 6p with £ = rf and some small e, s > 0. Square, 
take z = Xj, integrate as in (16. 5p . and use Jensen's inequality to bring the square 
inside the integral to get 

E( |0 - Ci-il 2 ) < 2C p n 2p£ E[ \P£{H X] <n)\ 2 } + 2C p s~ 2p e- sne . 



< 
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Substitute these bounds into line (16 .4p and note that the error there is 
E[\E^X n )-E (X n )\ 2 ] 

< C p n 2p£ J2 E l\ P o( H z < n)\ 2 ] + 0{n d s- 2p e- sn£ ) + (7(1) 

z 

= C p n 2p£ p o,o(^ e x [0 , n) n x [0 , n) ) + a(i) 

z 

= C p n 2p£ E 0fi [ \x M n x [0 , n) | ] + CT(1). 

Utilize assumption (I6.2p and take e > small enough so that 2a = 2pe + 2d < 1. 
(16.11) has been verified. □ 

7. Bound on intersections 
The remaining piece of the proof of Theorem 11.11 is this estimate: 

E ,o{ \X [0 , n) n X [0tn) \ ) = 0{n 2a ) for some a < 1/2. (7.1) 

X and X are two independent walks in a common environment with quenched 
distribution P£ y [X Qoo e A,X 0oo e B] = P£(A)P£(B) and averaged distribution 
E x>y (-)=EP» y (.). 

To deduce the sublinear bound we introduce regeneration times at which both 
walks regenerate on the same level in space (but not necessarily at the same time). 
Intersections happen only within the regeneration slabs, and the expected number 
of intersections decays exponentially in the distance between the points of entry of 
the walks in the slab. From regeneration to regeneration the difference of the two 
walks operates like a Markov chain. This Markov chain can be approximated by 
a symmetric random walk. Via this preliminary work the required estimate boils 
down to deriving a Green function bound for a Markov chain that can be suitably 
approximated by a symmetric random walk. This part is relegated to an appendix. 
Except for the appendix, we complete the proof of the functional central limit theorem 
in this section. 

To aid our discussion of a pair of walks (X, X) we introduce some new notation. 
We write 6 m ' n for the shift on pairs of paths: 6> m ' n (x 0jOO , y 0:OO ) = (O m Xo,oo,O n y 0>00 ). If 
we write separate expectations for X and X under P£ y , these are denoted by and 
E«. 

By a joint stopping time we mean pair (a, a) that satisfies {a = m, a = n} £ 
(j{Xo,m,^o,re}- Under the distribution P^ y the walks X and X are independent. 
Consequently if a V a < oo P£^-almost surely then for any events A and B, 

Px,y[(Xo,a, X 0< a) £ A, {X 0j00 , X &i00 ) £ B] 

= E% tV [l{(X 0>a ,X 0tSl ) £ A}P^ aJt _{(X 0>oo ,X 0tOO ) £ B}]. 
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This type of joint restarting will be used without comment in the sequel. 

For this section it will be convenient to have level stopping times and running 
maxima that are not defined relative to the initial level. 

7^ = inf{n > : X n ■ u > £} and 7/ = inf{n > : X n ■ u > £}. 

Since u G l* d , 7/" is simply an abbreviation for je+i- Let M n = sup{Xi ■ u : i < n} 
be the running maximum. M n , 7^ and 7^" are the corresponding quantities for the X 
walk. The first backtracking time for the X walk is (3 = inf {n > 1 : X n ■ u < X ■ u}. 
Define 

L = ini{£ > (X ■ u) A (X ■ u) : X le ■ u = X % ■ u = £} 

as the first fresh common level after at least one walk has exceeded its starting level. 
Set L = 00 if there is no such common level. When the walks are on a common level, 
their difference will lie in the hyperplane 

Y d = {z G Z d : z ■ u = 0}. 

We start with exponential tail bounds on the time to reach the common level. 

Lemma 7.1. There exist constants < a 1 ,a 2 ,C < < oo such that, for all x, y G Z rf 7 
m > and P-a.e. u, 

Px, v {lL V 7l > m) < Ce a ^- x ^- a2m . (7.2) 

For the proof we need a bound on the overshoot. 

Lemma 7.2. There exist constants < C, s < oo such that, for any level k, any 
b > 1, any x G Z d such that x ■ u < k, and P-a.e. u, 

P^[X lk -u>k + b}< Ce~ sb . (7.3) 

Proof. From (13.11) it follows that for a constant C, for any level £, any x G Z* d , and 
P-a.e. u, 

oo 

[number of visits to level £] = ^ P^[X n -u = £]<C. (7.4) 

n=0 

(This is certainly clear if x ■ u — I. Otherwise wait until the process first lands on 
level £, if ever.) 
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From this and the exponential moment hypothesis we deduce the required bound 
on the overshoots: for any k, any x G Z d such that x ■ u < k, and P-a.e. u, 



oo 



P£[X lk -U>k + b] = J2Yl P *^ k >n ' X n = Xn + l -U>k+b] 

n=0 z-u<k 

oo 

= E E E^fr* -a >*+&] 

£>0 z-u=k-l n=0 
oo 

<E E J2 p ^ = ^- sie+b) 

£>0 z-u=k-£ n=0 

< Ce~ sb J2 e ~ se < Ce ~ sb - D 

£>0 

Proof of Lemma \7. 1\ Consider first jl, and let us restrict ourselves to the case where 
the initial points x, y satisfy x ■ u < y ■ u. 

Perform an iterative construction of stopping times rji, fji and levels £(i), £{i). Let 
Vo — Vo = 0; x o = x an d Vo = V- ^(0) and £(0) need not be defined. Suppose that 
the construction has been done to stage % — 1 with = X Vi _ 1 , y^i = Xf ji _ 1 , and 
■ u < • u. Then set 

£(i) = X l{ y z _ v u) ■ u, £(i) = X^i)) •u,r]i = j(£(i)) and fji = j(X Vi -u + 1). 

In words, starting at (xj_i,?/j„i) with y^i above let X reach the level of y^\ 
and let £(i) be the level X lands on; let X reach the level £(i) and let £(i) be the level 
X lands on. Now let X try to establish a new common level at £(i) with X: in other 
words, follow X until the time rji it reaches level £(i) or above, and stop it there. 
Finally, reset the situation by letting X reach a level strictly above the level of X Vi , 
and stop it there at time r/j. The starting locations for the next step are Xi = X Vi , 
yi = Xfj. that satisfy x,i ■ u < yi ■ u. 

We show that within each step of the iteration there is a uniform lower bound on 
the probability that a fresh common level was found. For this purpose we utilize 
assumption (11.11) in the weaker form 

¥{uj : Po(X, n ■ u = 1) > k } = 1. (7.5) 

Pick b large enough so that the bound in f)7.3p is < 1. For z, w 6 Z d such that 
z ■ u > w ■ u define a function 

i/j(z, w) = Pz W [ X lk ■ u — k for each k 6 {z ■ u, . . . , z ■ u + b}, 
X^( z .u) ■ u - z ■ u < b] 
> n\l-Ce~ sb ) = n 2 >0. 
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The uniform lower bound comes from the independence of the walks, from (17.31) and 
from iterating assumption (17.51) . By the Markov property 

> ^-lw-J^W) ■ m - < b > X 7& ■ fi = fc for each k e {^(i), . . . + 6} ] 
The first iteration on which the attempt to create a common level at £(i) succeeds 

is 

I — inf{z > 1 : X 7 - w ■u = i{i)}. 

Then is a new fresh common level and consequently L < £(I). This gives the 
upper bound 

1l < Ti{iy 

We develop an exponential tail bound for 7|m, still under the assumption x-u < y-u. 
From the uniform bound above and the Markov property we get 

f_yi > i] < (i - K 2 y. 

Lemma 17.21 gives an exponential bound 

J£„ [(Xft-Xft_J.fi> 6] <Ce~ sb (7.6) 
because the distance (Xft — Xft_J • fi is a sum of four overshoots: 

(Xft - Xft_J • fi = {X %Xm .u+i) ■ u - X m ■ fi - 1) + 1 + (X 7(Z( . )} • u - 
+ (X W(i)) -u-£(i)) + (X^^ ■ fi - X^ ■ fi). 

Next, from the exponential tail bound on (Xft — Xft_ t ) • fi and from 

i 

£(i) < Xft • fi = - x m-i) -u + yu 

3=1 

we get the large deviation estimate 

P x, y W) >bi + yu]< e~ sbi for i > 1 and b > b , 

for some constants < s < oo (small enough) and < bo < oo (large enough). 
Combine this with the bound above on / to write 

P-J(I) >a]< P» y [I > i] + P» y [I(i) > a] 



< e -« + e syu-sa < 2e S2/ '"" 



where we assume a > 2bo + y ■ fi and set the integer i = \b 1 (a — y ■ fi)J . Recall that 
< s < oo is a constant whose value can change from line to line. 
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From (13. 1 H and an exponential Chebyshev 

PUlk >m]< P»[X m -u<k]< e sk - s ^- h - m 

for all x, y G Z d , k G Z and m > 0. Above and in the remainder of this proof hi, hi 
and h$ are small positive constants. Finally we derive 

P*,yhi(i) > m] < P^ y W) >k + x-u} + P^ y [ lk+X .u > m] 

^ t2^s(y—x)-u—sk _|_ gSfe— him <^ £j ^s(y~x)-u— h^ra 

To justify the inequalities above assume m > Asbo/hi > 4s/ hi and pick k in the 
range 

him . ^ 3him 

— h (y - x) ■ u < k < — V{y-x)-u. 

2s As 

To summarize, at this point we have 

Px, y [lL >m}< Ce s{y - x) ^- h2m for x ■ u < y ■ u. (7.7) 

To extend this estimate to the case x ■ u > y ■ u, simply allow X to go above x and 
then apply (17. 7p . By an application of the overshoot bound (17. 3p and (17.71) at the 
point 

Pt v \lL > m] < El y P^ \ lL > m] 

< P^jX^+v >x-u + em}+ Ce S£m - h2m < Ce~ h37n 

if we take e > small enough. 

We have proved the lemma for jl, and the same argument works for 7^. □ 

Assuming that Xq ■ u = Xq ■ u define the joint stopping times 

(P, P) ~ Kf^VM^ ' ^M^VM^ ) 

and 

1 00 if p = p = 00. 

Notice that p and p are finite or infinite together, and they are infinite iff neither 
walk backtracks below its initial level {(3 = (3 = 00). Let z/o = uq = and for k > 
define 

(i/fc+i, h+i) = K, h) + (fi, ^1) 

Finally let (1/, z>) = (7^, 7^), K = sup{A; >0:^V^< 00}, and 

(/i l7 Ai) = {y, v) + (z/jr, o 9"'°. (7.9) 

These represent the first common regeneration times of the two paths. Namely, 
X w • u = Xjx t ■ u and for all n > 1, 

X»!-n ■ u < X M1 • u < X Ml+ri • u and X Al „ n ■ u < X Al • u < X Al+n • u. 
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Next we extend the exponential tail bound to the regeneration times. 

Lemma 7.3. There exist constants < C < oo and fj G (0, 1) such that, for all 
x, y G Yd = {z G Z d : z ■ u = 0} , k > 0, and F-a.e. uj , we have 

P^xWh>k)<C(l-fj) k . (7.10) 

Proof. We prove geometric tail bounds successively for 7+, 7/, 7^- , p, u 1 , u k , and 
finally for pi. To begin, (13. ip implies that 

Poilf > n) < P "(X„_ 1 • u < 1) < e S2 (l - r^)"" 1 

with 7]i = S2S/2, for some small s 2 > 0. By summation by parts 

E% <e s >J S3 , 

for a small enough s 3 > and J s = 1 + (e s — 1)/(1 — (1 — rji)e s ). By the Markov 
property for £ > 1, 

Eg(e»"t)< E%{e^t^X lti =xW x {e s ^). 

x-u>£—l 

But if x ■ u > i - 1, then E%{e s ^t) < E^ (e S3 ^ ) . Therefore by induction 

Eq (e S3 ^) < (e S2 J ss Y for any integer £ > 0. (7.11) 

Next for an integer r > 1, 

00 00 
E%{e S4 "<»>r) = Y,E%(e S4 ^,M r = i) < ^E%(e 2s ^) 1/2 P£{M T = £) 1/2 

1=0 e=o 

00 

< C^(e* 2 J 2si ) e/2 (1{£ < 3Mr\u\} + e"^) 1 / 2 < C(e s U 2si ) Cr , 

1=0 

for some C and for positive but small enough s 2 , s 4 , and s 5 . In the last inequality 
above we used the fact that e S2 J 2s4 converges to 1 as first s 4 \ and then s 2 \ 0. 
In the second-to-last inequality we used (13.21) to get the bound 

r r 

p o( x i -u>£)<J2 e~ st e hmsi < Ce~ S5£ if £ > 3M\u\r. 

i=l i=l 

Above we assumed that the walk X starts at 0. Same bounds work for any x G Yd 
because a shift orthogonal to u does not alter levels, in particular P£(M r = £) = 
P^(M r = £). 

By this same observation we show that for all x, y G Yd 

E^ y (e^)<C(e s U 2s4 ) Cr 
by repeating the earlier series of inequalities. 
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Using (13.1 p and these estimates gives for x,y G 

oo 

PUP >n,PAP<oo) = J2 PU< Ir ,M r >n,PAP = r) 

r=l 

< e -«n/2 £ ^(e S47 «0 1/2 ^(e S47 ^) 1/2 

l<r<en 

+ { P *i X r -u<x-u} + P£{X r -u<yu}) 



r>en 



< Cene- Sin/2 (e S2 J 2si ) C£n + C(l - s 6 5/2) £n . 

Taking e > small enough shows the existence of a constant 772 > such that for all 
x, y G Vd, n > 1, and P-a.e. cj, 

P- y (p > n, [3 A P < 00) <C(l-r/ 2 ) n . 

Same bound works for p also. We combine this with (I7.2p to get a geometric tail 
bound for A /3 < 00}. Recall definition (17. 8p and take £ > small. 

> k, p A p < 00] 

< P,Jp > k/2, pAp<oo]+ P% ty \p A p < 00, \X P ■ u - X~ p - u\ > ek] 
+ P x, y [lL o 9 P ' P > k/2, p A p < 00, \X P ■ u - X~ p • ii\ < ek}. 

On the right-hand side above we have an exponential bound for each of the three 
probabilities: the first probability gets it from the estimate immediately above, the 
second from a combination of that and (13.21) . and the third from (17.21) : 

P x, y [lL ° 9 P > P > k/2, P A P < 00, \X p ■ u — Xp ■ u\ < ek] 

= E^ y [l{PAP< 00, \X p -u-Xp-u\ <ek}P^ xAlL > k/2}] 

The constants in the last bound above are those from (17.21) . and we choose e < 
02/(201). We have thus established that 

E» y (e™l{P A P < 00}) < J S7 

for a small enough s 7 > 0, with J s — C(l — (1 — 7?3)e s ) _1 and 773 > 0. 
To move from v\ to v k use the Markov property and induction: 

£^(e s ^lI{z/ fc Vz> fe <oo}) 

= J^Kyi^-'H^i V h-i < oo,X Vk _, = z,X, k _ x = z}) 

x E^(e s ^l{PAP<oo}) 
< J S7 El y (e s ^l{u k ^ V u k -i < 00}) < ■ ■ ■ < J k S7 . 
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Next, use the Markov property at the joint stopping times (u^, £/&), (17.21) . ( 13. 7ft . 
and induction to derive 

P: !y (K>k)<PZJv k Vv k <oo) 

< J2 P x,y( U k-l V h-1 < OO, X Vk _ x = Z, % k _, = Z)P^((3 A P < oo) 

< (1 - ^ 2 )^(^-i V h-i < oo) < (1 - r/ 2 ) fc . 

Finally use the Cauchy-Schwarz and Chebyshev inequalities to write 

P^K > n) = £ P^(i/ fc > n, K = k) 

k>l 

<J2(l-V 2 ) k + e~ S7n E^ y (e s ^l{u k y9 k <oo}) 

k>en l<k<en 

< C(l - r/ 2 ) £n + Cene~ S7n J™. 

Looking at the definition (17. 9p of fi\ we see that an exponential tail bound follows by 
applying (17.21) to the z/-part and by taking e > small enough in the last calculation 
above. Repeat the same argument for jli to conclude the proof of (I7.10p . □ 

After these preliminaries define the sequence of common regeneration times by 
Ho — Ho — and 

(fii +1 , = (Hi, jli) + (Hi,Hi) ° (7-12) 

The next tasks are to identify suitable Markovian structures and to develop a cou- 
pling. 

Proposition 7.4. The process (Xjx i —X IJ , i )i>i is a Markov chain onYd with transition 
probability 

q(x, y) = Po^Xfr - X M1 = y | f3 = = oo]. (7.13) 

Note that the time-homogeneous Markov chain does not start from Xq—Xq because 
the transition to X^ — X w does not include the condition j3 = (3 = oo. 

Proof. Express the iteration of the common regeneration times as 

= (Hi-uHi-i) + (M + {vk,vk) °O v '°) O0" 4 - 1 '*- 1 , i > 1. 
Let Ki be the value of K at the ith iteration: 
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Let n > 2 and z±, . . . , z n E Yd- Write 

Po^Xfi. - Xp. = Zi for 1 < % < n] 

(i i ,m i ,m„t; i ,i) i ) 1 <K n _ 1 e* 

X mi = Vi and !„„ = Vi for 1 < i < n — 1, 



(7.14) 



Above ^ is the set of vectors (k iy rrii, rhi, Vi, t>i)i<i<„_i such that ki is nonnegative and 
777.3, 77ij, • m, and • u are all positive and strictly increasing in i, and Vi — Vi = z^. 
Define the events 



and 



A kb ~ b = {v + v k o 9^ = b, v + v h o 6^ = b} 



B b ~ b = {Xj -u> X -u for 1 < j < b , Xj ■ u > X ■ u for 1 < j < b}. 



Let mo = rho = 0, foj = ra% — mi-\ and bi — rhi — ihi-i- Rewrite the sum from above 
as 

n-l 

E 

(fc i ,m i ,m i ,'i; i ,'!; i ) 1 < 4 < n _ 1 e>I' 



X 



I t{B h li } o ^-i:^-!, X mi = Vi and = % for 1 < i < n - 1, 



n— 1 



i=2 



(3 o ^ m - 1 = O O^- 1 = OO , - X„J O = z 



Next restart the walks at times (m n „ 1 ,m n _ 1 ) to turn the sum into the following. 



n-l 



^ i=i 



E 

(fc i ,m i ,m i ,-y i ,«;i) 1 < 4 <„_ 1 e>I' 
n-l 

x l{B bi k } o fl^-i.^-i, Xmi = Vi and = v t for 1 < i < n - 1 



i=2 



X P 



/? = /3 = oo , X^ - X^ = z Ti 



Inside the outermost braces the events in the first quenched expectation force the 
level 

^ = ^-i • U = V n _ x ■ U = Xfa^ ■ U = V n _ x ■ U 
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to be a new maximal level for both walks. Consequently the first quenched expecta- 
tion is a function of {uj x : x ■ u < £} while the last quenched probability is a function 
of {uj x : x ■ u > £}. By independence of the environments, the sum becomes 



n-l 



E (7.i5) 

i.«i)l<i<»-l6* i=l 
-1 

I HB bi>k } o e mi -^~\ X m% = Vi and = v, for 1 < % < n - 1 



n-1 

X 

i=2 



X P^ |^ = /? = OO , Xfa - X^ = 2 

By a shift and a conditioning the last probability transforms as follows. 

Pv n - lt v n -i [P = P = OO , Xfa - X Ml = z n ] 

= Po,z n -i [Xfa - X^ = Z n I P = /? = OO ] P^ , [/? = /3 = oo] 
= g(z n ,_i,z n )P 1 , n _ 1>Sn _ 1 [0 = = oo]. 

Now reverse the above use of independence to put the probability 

Pvn-t.fin-llP = P=00] 

back together with the expectation (I7.15p . Inside this expectation this furnishes the 
event P o ^ m ™- 1 = p o # m «-i = qq anc i with this the union of the entire collection of 
events turns back into X p . — X Pi = Zi for 1 < % < n — 1 . Going back to the beginning 
on line (17. 14ft we see that we have now shown 

Po,z[Xp4 ~ X^ = z,i for 1 < i < n] 
= Po, z [Xii. -X (H = Zi for 1 < i < n - l]g(z n _i, z n ). 
Continue by induction. □ 

The Markov chain = Xp, k — X Pk will be compared to a random walk obtained 
by performing the same construction of joint regeneration times to two independent 
walks in independent environments. To indicate the difference in construction we 
change notation. Let the pair of walks (X, X) obey Po (g) P z with z G Yd, and denote 
the first backtracking time of the X walk by (3 — inf{ra > 1 : X n ■ u < X ■ u}. 
Construct the common regeneration times {pk,Pk)k>i for (X,X) by the same recipe 
[ (I7.8p . (17. 9p and (17.121) ] as was used to construct jlk)k>i f° r (X,X). Define 
Y k = Xp k — X Pk . An analogue of the previous proposition, which we will not spell 
out, shows that (Yk)k>i is a Markov chain with transition 

q(x, y) = P ® P x [X Pl -X pi =y\P = P = 00]. (7.16) 
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In the next two proofs we make use of the following decomposition. Suppose 
x ■ u — y ■ u — 0, and let (a?i, yi) be another pair of points on a common, higher level: 
x\ • u = y± ■ u = £ > 0. Then we can write 

{(J\o,X ) = /3 = /3 = oo, (X w ,X fc ) = (zi,yi)} 

= |J {X , n(7) = 7 , Xo,»tf) = 7, P o 9 n ^ = o g»W = oo}. ( 7 - 17 ) 

(7,7) 

Here (7,7) range over all pairs of paths that connect (x,y) to (x\,yi), that stay 
between levels and £—1 before the final points, and for which a common regeneration 
fails at all levels before £. 71(7) is the index of the final point along the path, so for 
example 7 = (x = z , z x , . . . , 2 n ( 7 )-i, 2 re ( T ) = x x ). 

Proposition 7.5. T7ie process {Yk)k>\ i> s a symmetric random walk on Yd and its 
transition probability satisfies 

q(x, y) = q(0, y - x) = q(0, x - y) = P ® Pq[X Pi - X pi = y - x \ (3 = (3 = 00]. 



Proof. It remains to show that for independent (X, X) the transition (I7.16P reduces to 
a symmetric random walk. This becomes obvious once probabilities are decomposed 
into sums over paths because the events of interest are insensitive to shifts by z G V^. 

P ® P x [(3 = P = 00 , X- Pl - X P1 = y] 
= J2 p o ® Px\P = P = 00 , X pi = w , X- P1 = y + w] 

w 

= Y,Y1 p o[x , n(7) =y,po e n ^ = oo]p x [x 0Mff) = rPo e n ^ = oo] (7.18) 

w ( 7)7 ) 

= E E P 0[^0,n( 7 ) = j}P X [X ,nW = l](P [P = Oo])' . 

w (7,7) 

Above we used the decomposition idea from (17.171) . Here (7,7) range over the 
appropriate class of pairs of paths in Z d such that 7 goes from to w and 7 goes from 
x to y + w. The independence for the last equality above comes from noticing that 
the quenched probabilities P^[X 0in ( 7 ) = 7] and P£[P = 00] depend on independent 
collections of environments. 

The probabilities on the last line of (17.181) are not changed if each pair (7, 7) is 
replaced by (7, 7') = (7, 7 — x). These pairs connect (0, 0) to (w, y — x + w). Because 
x G Yd satisfies x ■ u = 0, the shift has not changed regeneration levels. This shift 
turns P x [Xo in (*f) = 7] on the last line of (IT. 18[) into Po[^o,n(7') = 7']- We can reverse 
the steps in ( 17.181) to arrive at the probability 

P ® P [P = P = oo,Xp l -X pl =y-x]. 

This proves q(x, y) = q(0, y — x). 
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Once both walks start at it is immaterial which is labeled X and which X, hence 
symmetry holds. □ 

It will be useful to know that q inherits all possible transitions from q. 

Lemma 7.6. Ifq(z,w) > then also q(z,w) > 0. 

Proof. By the decomposition from (17. 17ft we can express 

P x , v [{Xp„Xfr) = {x u yi )\(3 = p = oo] = 2^ — — r — ~ f • 

p ^ylP = P = oo] 

If this probability is positive, then at least one pair (7,7) satisfies EP^^P^py] > 0. 
This implies that Ppy]Ppy] > so that also 

P x ® P y [(X^X fil ) = {x x ,y x )\P = = 00] > 0. □ 

In the sequel we detach the notations Y = (Y^) and Y = (Y^) from their original 
definitions in terms of the walks X, X and X, and use (Y^) and (Yk) to denote 
canonical Markov chains with transitions q and q. Now we construct a coupling. 

Proposition 7.7. The single-step transitions q{x,y) for Y and q{x,y) for Y can be 
coupled in such a way that, when the processes start from a common state x, 

for all x G Yd- Here C and ct\ are finite positive constants independent of x. 

Proof. We start by constructing a coupling of three walks (X,X,X) such that the 
pair (X, X) has distribution P x>y and the pair (X,X) has distribution P x <g> P y . 

First let (X, X) be two independent walks in a common environment u as before. 
Let uj be an environment independent of u. Define the walk X as follows. Initially 
X = X . On the sites {X^ : < k < 00} X obeys environment u, and on all other 
sites X obeys uj. X is coupled to agree with X until the time 

T = inf{n > : X n e {X k : < k < 00} } 

it hits the path of X. 

The coupling between X and X can be achieved simply as follows. Given u and 
uj, for each x create two independent i.i.d. sequences (z£)fc>i and (zf)k>i with distri- 
butions 

Q^\zl = y}= 7r x , x+y {uj) and Q^[z x k = y] = n x , x+y {oj). 

Do this independently at each x. Each time the X-walk visits state x, it uses a new 
Zfr variable as its next step, and never reuses the same again. The X walk operates 
the same way except that it uses the variables z% when x G {X^.} and the z% variables 
when x ^ {X^}. Now X and X follow the same steps z\ until X hits the set {X^}. 

It is intuitively obvious that the walks X and X are independent because they never 
use the same environment. The following calculation verifies this. Let X = Xq = x 
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and X = X = y = y be the initial states, and P x ,y the joint measure created by the 
coupling. Fix finite vectors x , n = (%o, • • • , x n ) and y ,n = (Uo, ■ ■ ■ > Un) and recall also 
the notation X 0jn = (X , . . . , X n ). 

The description of the coupling tells us to start as follows. 

P x , y [ x o,n = xo <n ,X 0jn = y 0>n ] = J F(du) J F(dcu) J P^(dzo t00 )l{z 0tn = x 0<n } 



II n vi,vi+i( u ) - n 

i-Viti^k- 0<fc<oo} i:yi&{z k :0<k<oo} 



[by dominated convergence] 

hn^ y p(dw) y F(duj) y p^^n) Hz 0>n = w 



iV— »oo 
X 



i:2/i£{zfc: 0<fc<iV} »:yi6{«fc: 0<fe<JV} 



lim V / P(dw) P x w [X 0iJ v = Zo,*] TT 
: / P(dw) J] vr, iiS/i+1 (^ 

i:yiE{z k :0<k<N} 



[by independence of the two functions of uj] 

= Jhn ^ y P(dw) P^Xcyv = Zo,n] J r(duj) J] 

z O,N'- z Q,n=xo,n i:yi^{z k : 0<k<N} 

x y p(rfw) y[ 



j: K e{z fc :0<fc<iV} 
— -Pa;[^0,n = ^0,n] ' -fj/[^0,n = Vo,n\- 

Thus at this point the coupled pairs (X, X) and (X, X) have the desired marginals 
P x>y and P x ® P y . 

Next construct the common regeneration times (^i,/ti) for (X, X) and (pi,Pi) for 
(X, X) by the earlier recipes. Define two pairs of walks stopped at their common 
regeneration times: 

(r,f) = ((Xo^^Xo^J^Xo.p^Xo.p-J). (7.19) 

Suppose the sets X[ , Ml vpi) and X^^v^) do not intersect. Then the construction 
implies that the path X p lV p 1 agrees with X ^ lW p 1) and this forces the equalities 
= and (Xp^X^J = (X pi ,Xp 1 ). We insert an estimate on this event. 
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Lemma 7.8. There exist constants < C, s < oo such that, for all x, y G and 
F-a.e. uj, 

P^ y {X [Wpi) n X [WPx) ± 0) < Ce-l-*l. (7.20) 

Proof. Write 



^(^[o.miVpx) n X {WPl) + 0) < P^(/i! V /2i V Pl V p 1 > e\x - y\) 

+ P£( max |Xj — x\ > \x — 

l<i<s\x— y\ 

+ P£( max jXi-j/l > |x - 2/|/2). 



l<i<e|a; — y\ 

By (17.101) and its analogue for (pi,pi) the first term on the right- hand- side decays 
exponentially in \x — y\. Using (13 ,2p the second and third terms are bounded by 
e\x — y\e~ s i x ~ y " 2 e es \ x ~ y \ M , for s > small enough. Choosing e > small enough 
finishes the proof. □ 

From (I7.20p we obtain 

P^[(^.4) * (X P1 ,X- P1 )] < P x , y [T ? f] < Ce-I-"!. (7.21) 

But we are not finished yet: it remains to include the conditioning on no back- 
tracking. For this purpose generate an i.i.d. sequence (X^ m ' ,X^ m ' ,X^ m ') m >i, each 
triple constructed as above. Continue to write P x ,y for the probability measure of 
the entire sequence. Let M be the first m such that the paths (X^ m \ X^) do not 
backtrack, which means that 

Xt ] -u>X { ™ ] -u and x£ m) • u > X^ m) ■ u for all k > 1. 

Similarly define M for (X^ m \ X^ m ') m >x. M and M are stochastically bounded by 
geometric random variables by (I3.7p . 

The pair of walks (X^ M \ X^) is now distributed as a pair of walks under the 
measure P xy [. \(3 = p_ = oo], while (I^.I'*' 1 ) is distributed as a pair of walks 
under P x ® P y [ ■ \f3 = ft = oo]. 

Let also again 

I*»> = (*<™>«„,,^,) and r<»> = (^,^.,1 

be the pairs of paths run up to their common regeneration times. Consider the two 
pairs of paths (T^ M \ r^ M ^) chosen by the random indices (M, M). We insert one more 
lemma. 

Lemma 7.9. For s > as above, and a new constant < C < oo, 

P*,„[r (M) ^ f (A?) ] < Ce- slx ~ vl/2 . (7.22) 
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Proof. Let A m be the event that the walks X^ and agree up to the maximum 
/i[ m ' ) V p( nS> of their regeneration times. The equalities M = M and = T^) are a 
consequence of the event A\C\- ■ -HAm, for the following reason. As pointed out earlier, 
on the event A m we have the equality of the regeneration times jli = and of the 

stopped paths X^ m \ m) = X Jm) . By definition, these walks do not backtrack after 

o,Ai o.Pi 

the regeneration time. Since the walks X^ and X^ agree up to this time, they 
must backtrack or fail to backtrack together. If this is true for each m — 1, . . . , M, 
it forces M = M, since the other factor in deciding M and M are the paths X^ 
that are common to both. And since the paths agree up to the regeneration times, 
we have = f^. 
Estimate (1712211 follows: 

OO 00 

< $>,, y [M > m, ^] < ^(P^[M > m]) 1/2 (P^[^J) 1/2 

m=l m=l 

The last step comes from the estimate in (17.201) for each A c m and the geometric bound 
on M. □ 

We are ready to finish the proof of Proposition 17.71 To create initial conditions 
Y = Y = x take initial states (X { m \x { m) ) = (X { m \x { m) ) = (0,x). Let the final 
outcome of the coupling be the pair 

[Yl, Y X ) - (A (M) - A (M) , A ^ - A m ) 
f*i Pi Pi Pi 

under the measure Po,a;- The marginal distributions of Yi and Yi are correct [namely, 
given by the transitions (I7.13P and (I7.16p ] because, as argued above, the pairs of 
walks themselves have the right marginal distributions. The event = f( M ) 

implies Y\ = Y\, so estimate (17.221) gives the bound claimed in Proposition 17.71 □ 

The construction of the Markov chain is complete, and we return to the main 
development of the proof. It remains to prove a sublinear bound on the expected 
number Eq^X^q^ fl A[ 0i „)| of common points of two independent walks in a common 
environment. Utilizing the common regeneration times, write 

n-1 

£o,o|A[ , n ) n A [0) „)| < y^£o,olA [WiW+1 ) n A[ Ai)A . +l) |. (7.23) 

The term i = is a finite constant by bound (I7.10P because the number of common 
points is bounded by the number /ii of steps. For each < i < n apply a decom- 
position into pairs of paths from (0,0) to given points (xi,yi) in the style of (JTTTTJ) : 
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(7, 7) are the pairs of paths with the property that 

U {x , n(7) = 7 , x 0l n(7) = 7, P o e n ^ = p o e»™ = 00} 

(7.7) 

= {X = X = 0, X H = Xl , X Ai = Vl }. 
Each term % > in (17.231) we rearrange as follows. 

^o,o|^[ W , w+ i) n 

= X] EjP 0^o[^0,n( 7 ) = 7, ^0,n( 7 ) = 7] 

ai,J/l (7,7) 

x E» uyi (l{P = = oo}|X [0 , Ml ) n X [0iAl) | ) 

= EE EP o"o[^0,n(7) = 7, ^0,n(7) = 7^,^ = P = Oo] 
,1/1 (7,7) 

x ^ 1 ,, 1 (l^[o ! Mi)nX [0 , Al )ll/5 = /3 = oo) 
= ^ ep - [x Mi = si, X* = 2/i]^ 1>2/1 ( |x [0iMl) n A>, Al) | I P = P = 00 )• 

The last conditional quenched expectation above is handled by estimates (13.71) . (I7.10p . 
(I7.20p and Schwarz inequality: 

E x im ( \ x lo,m) n -^[o,Ai)l I P = P = 00 ) - ? 7~ 2 - E x 1 , ?/1 ( \X[o,m) n ^[o,Ai)l ) 

< v' 2 K,vM ■ i{^p,mo nx [0lAl) 7^ 0}) 

< r 2 (^ 1 ,, 1 [^]) 1/2 (^,, 1 {^[o,M 1 ) nx [0 , Al) ^ 0}) 1/2 

Define = Ce~ s ^ x ^ 2 , insert the last bound back up, and appeal to the Markov 
property established in Proposition 17.41 

#o,o|^[ w , w+1 ) n% i/il+1 )| < E 0fi [h(X^ 

= ^P ,o[X Al -X m = x\Y,<?- X {x,y)h{y). 

x y 

In order to apply Theorem IA.1I from the Appendix, we check its hypotheses in the 
next lemma. Assumption (11.21) enters here for the first and only time. 

Lemma 7.10. The Markov chain {Yk)k>o with transition q(x,y) and the symmet- 
ric random walk (Yk)k>o with transition q(x,y) satisfy assumptions (A.i), (A.ii) and 
(A.iii) stated in the beginning of the Appendix. 

Proof. From Lemma [7.31 and (I3.2p we get moment bounds 

Eo,x\Xp k \ m + E 0tX \X Pk \ m < oo 
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for any power m < oo. This gives assumption (A.i), namely that i?o|?i| 3 < oo. The 
second part of assumption (A.ii) comes from Lemma 17.61 Assumption (A.iii) comes 
from Proposition 17.71 

The only part that needs work is the first part of assumption (A.ii). We show 
that it follows from part (11.21) of Hypothesis (R). By (II. 2p and non- nestling (N) there 
exist two non-zero vectors y ^ z such that z ■ u > and Etto^vto^ > 0. Now we have 
a number of cases to consider. In each case we should describe an event that gives 
Y"i — Y a particular nonzero value and whose probability is bounded away from zero, 
uniformly over x = Y . 

Case 1: y is noncollinear with z. The sign of y • u gives three subcases. We do 
the trickiest one explicitly. Assume y ■ u < 0. Find the smallest positive integer b 
such that (y + bz) ■ u > 0. Then find the minimal positive integers k, m such that 
k(y + bz) ■ u = mz ■ u. Below P x is the path measure of the Markov chain (!&) and 
then Po,x the measure of the walks (X, X) as before. 

PxiYi -Y Q = ky + (kb - m)z} 

> P , X {X-^ = x + ky + (k + l)bz , X m = (m + b)z , (3 = (3 = oo} 

> E Pq xUJ {X i{b+1)+1 = i(y + bz) + z, . . . , X i(b+1)+b = i(y + bz) + bz, 

A(j +1 )( 6+1 ) = (i + l)(y + bz) for < i < k — 1, and then 
X k (b+i)+i = k(y + bz)+z,..., X k{b+1)+b = k(y + bz) + bz } 
xP£{X 1 = z,X 2 = 2z,..., X m+b = (m + b)z } 

X Px+ky+(k+l)bz{P — °°}P(m+b)z{fi — °°} ' 

Regardless of possible intersections of the paths, assumption (11.21) and inequality (13.71) 
imply that the quantity above has a positive lower bound that is independent of x. 
The assumption that y, z are nonzero and noncollinear ensures that ky+(kb—m)z ^ 0. 

Case 2: y is collinear with z. Then there is a vector w ^ such that E7r 0)W > 0. If 
w-u < 0, then by Hypothesis (N) there exists u such that u-u > and E7To )W 7r 0iU > 0. 
If u is collinear with z, then replacing z by u and y by w puts us back in Case 1. So, 
replacing w by u if necessary, we can assume that w ■ u > 0. We have four subcases, 
depending on whether x = or not and y ■ u < or not. 

(2. a) The case x ^ is resolved simply by taking paths consisting of only w-steps 
for one walk and only z-steps for the other, until they meet on a common level and 
then never backtrack. 



(2.b) The case y • u > corresponds to Case 3 in the proof of [111 . Lemma 5.5]. 

(2.c) The only case left is x = and y ■ u < 0. Let b and c be the smallest positive 
integers such that (y + bw) ■ u > and (y + cz) ■ u > 0. Choose minimal positive 
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integeres m > b and n > c such that m(w ■ u) = n(z ■ u). Then, 
-foOi — Y = nz — raw} 

> P ,o{^Ai =y + bw + nz,X fll = y + (b + m)w} 

> E Po{Xi = iw for 1 < i < b and X b+1+j = y + (b + j)w for < j < m} 

x P^iXi = iw for < i < b, X b+l = bw + z and then 
X b+1+j = y + bw + jz for 1 < j < n} 

X Py+(b+m)w(.P — °°)Py+bw+nz(,P = 00 ) 

Since w and z are noncollinear, 7^ nz. For the same reason, w-steps are always 
taken at points not visited before. This makes the above lower bound positive. By 
the choice of b and z ■ u > 0, neither walk dips below level 0. 

We can see that the first common regeneration level for the two paths is (y + bw + 
nz)-u. The first walk backtracks from level bw-u so this is not a common regeneration 
level. The second walk splits from the first walk at bw, takes a z-step up, and then 
backtracks using a y-step. So the common regeneration level can only be at or above 
level (y + bw + (c + l)z) ■ u. The fact that n > c ensures that (y + bw + nz) ■ u is high 
enough. The minimality of n ensures that this is the first such level. □ 

Now that the assumptions have been checked, Theorem IA.1I gives constants < 
C < 00 and < 77 < 1 such that 

n-l 

Yl v)Hv) < Cnl ~ v for a11 z e V d and 71 > 1. 

i=l y 

Going back to (17.231) and collecting the bounds along the way gives the final estimate 

^0,o|^[0,ra) H ^[0,n)| < Cn 1 "'"' 

for all n > 1. This is (16.21) which was earlier shown to imply condition (12.11) required 
by Theorem 12.11 Previous work in Sections [2] and convert the CLT from Theorem 
12.11 into the main result Theorem 11.11 The entire proof is complete, except for the 
Green function estimate furnished by the Appendix. 



Appendix A. A Green function type bound 

Let us write a d- vector in terms of coordinates as x = (x 1 , . . . ,x d ), and similarly 
for random vectors X = (X 1 , . . . , X d ). 

Let Y = (Yfc)fc>o be a Markov chain on Z d with transition probability q(x,y), 
and let Y = (yfc)fc>o be a symmetric random walk on Z d with transition probability 
q(x, y) = q(y, x) = q(0, y — x). Make the following assumptions. 

(A.i) A third moment bound i?o|?i| 3 < 00 • 
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(A.ii) Some uniform nondegeneracy: there is at least one index j G {1, . . . , d} and 
a constant k such that the coordinate satisfies 

P X {Y( - Y£ > 1} > K > for all x. (A.l) 

(The inequality > 1 can be replaced by < —1, the point is to assure that a cube is 
exited fast enough.) Furthermore, for every % G {l,...,d}, if the one-dimensional 
random walk Y % is degenerate in the sense that q(0,y) = for y % ^ 0, then so is 
the process Y l in the sense that q{x,y) = whenever x % ^ y l . In other words, any 
coordinate that can move in the Y chain somewhere in space can also move in the Y 
walk. 

(A.iii) Most importantly, assume that for any initial state x the transitions q and 
q can be coupled so that 

where < C, ct\ < oo are constants independent of x. 

Throughout the section C will change value but a± remains the constant in the 
assumption above. Let h be a function on Z d such that < h(x) < Ce~ a2 ^ for 
constants < a2, C < oo. This section is devoted to proving the following Green 
function type bound on the Markov chain. 

Theorem A.l. There are constants < C, rj < oo such that 

n—l n—1 

E z h(Y k ) = Y h(y) ^ p o( Y k = v) < Cn 1 -"' for all n > 1 and z e Z d . 

k=0 y k=0 



To prove the estimate, we begin by discarding terms outside a cube of side r = 
Cilogn. Bounding probabilities crudely by 1 gives 

n-l 

E Ky)Y J Pz(Y k = y)<n £ h(y) < Cn ^ k^e^ 

j/|>cilogn fc=0 |j/|>cilogn fc>cilogn 

< Cn e~ ia2/2)k < Cne- {a2/2)cilogn < Cn 1 - 11 

k>c\ log n 

as long as n is large enough so that k d ~ l < e Q2fc//2 , and this works for any c±. 
Let 

B = [— ci logn, ci logn] d . 
Since h is bounded, it now remains to show that 

n-l 

J2P z (Y k eB)<Cn 1 -*>. (A.2) 

k=0 

For this we can assume z G B since accounting for the time to enter B for the first 
time can only improve the estimate. 
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Bound ( 1A.2I) will be achieved in two stages. First we show that the Markov chain Y 
does not stay in B longer than a time whose mean is a power of the size of B. Second, 
we show that often enough Y follows the random walk Y during its excursions outside 
B. The random walk excursions are long and thereby we obtain (1A.2j) . Thus our first 
task is to construct a suitable coupling of Y and Y . 

Lemma A.l. Let ( = inf{n > 1 : Y G A} be the first entrance time ofY into some 
set A C Z rf . Then we can couple Y and Y so that 

C-i 

P*A Yk ^ % for some l<k<(]< CE^e^. 

k=0 



The proof shows that the statement works also if ( = oo is possible, but we will 
not need this case. 



Proof. For each state x create an i.i.d. sequence -Z|%>i such that Z% has distri- 
bution q(x, x + ■ ), Z% has distribution q(x, x + ■ ) = g(0, ■ ), and each pair 
is coupled so that P(Z% ^ Z%) < Ce~ ai ^. For distinct x these sequences are inde- 
pendent. 

Construct the process (Y n , Y n ) as follows: with counting measures 



Ln{x) = ^ = X } alld L n(x) = = X ^ ( n ^ °) 

k=0 k=0 



and with initial point (Y Q , Y ) given, define for n > 1 



i 



Y n - y n _i + Z Y ^J x{Yn _ x) and Y n - Y n _ x + Z^_^^ y 

In words, every time the chain Y visits a state x, it reads its next jump from a new 
variable Z% which is then discarded and never used again. And similarly for Y . This 
construction has the property that, if Yk = Yk for < k < n with Y n = Y n = x, then 
the next joint step is (Z%, 2%) for k = L n (x) = L n (x). In other words, given that the 
processes agree up to the present and reside together at x, the probability that they 
separate in the next step is bounded by Ce~ ai ' x l 
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Now follow self-evident steps. 

P x ,x[ Yk ^ Yk for some 1 < k < ( ] 

oo 

< J2 P *A Y i = Y i e A ° for 1 <J<k,Y k ^ Y k ] 

k=l 
oo 

< E *,x IH Y i = Y i e A c for 1 < j < k }P Yk _ li y k _ 1 {Y l ± Y 1 ) } 

k=l 

oo 

< C E *,* [H Y 3 = Y i eA c forl<j<k }e~ ai ^-^ ] 

k=l 

C-i 

< CE X ^V Ql| M 



□ 



m=0 



For the remainder of this section Y and Y are always coupled in the manner that 
satisfies Lemma [A. 11 

Lemma A. 2. Let j e {1, . . . , d} be such that the one- dimensional random walk Yi is 
not degenerate. Let r be a positive integer and w = inf{n > 1 : Y^ < r } the first 
time the random walk Y enters the half-space Ti = {x : x J < r }. Couple Y and Y 
starting from a common initial state x ^ 7i. Then there is a constant C independent 
of >o such that 

sup P x>x [ Y k ^ Y k for some k E {1, . . . , w} } < Ce~ air ° for all r > 1. 

xpi 

The same result holds for 7i = {x : x J > — ro}. 
Proof. By Lemma [A. II 

P x ,x[ Y k ^ % for some k E {1, . . . ,w} ] < CE X 



w—l 



\Y k \ 



k=0 



< CE. 



xJ 



w—l 



k=0 



t=r +l 



where for s, t E [r + 1, oo) 



g(s,t) = Y / P.\Y*=t,w> 



n 



n=0 



is the Green function of the half-line (— oo,r ] for the one-dimensional random walk 
YK This is the expected number of visits to t before entering (— oo,r ], defined on 
p. 209 in Spitzer [l3j]. The development in Sections 18 and 19 in [l3| gives the bound 

g(s,t)<C(l + (s-r -l)A(t-r -l))<C(t-r ), s,t E [r + 1, oo). (A.3) 



QUENCHED FUNCTIONAL CLT FOR RWRE 



45 



Here is some more detail. Shift ro + 1 to the origin to match the setting in 13 
Then P19.3 on p. 209 gives 

xAy 

g(x, y) = u(x — n)v{y — n) for x, y > 

n=0 

where the functions u and v are defined on p. 201. For a symmetric random walk 
u = v. P18.7 on p. 202 implies that 

j oo 

v{m) = T VP[Z 1 + - + Z, = m] 

where c is a certain constant and {Zj} are i.i.d. strictly positive, integer-valued ladder 
variables for the underlying random walk. Now one can show inductively that v (m) < 
v(0) for each m so the quantities u(m) = v(m) are bounded. This justifies ( 1A.3I) . 
Continuing from further above we get the estimate claimed in the statement: 

w— 1 

e" Ql|?fcl < C J^it - r o)e~ ait < Ce~ airo . □ 

fe=0 ^ t>r 

For the next lemmas abbreviate B r = [—r,r] d for d-dimensional centered cubes. 

Lemma A. 3. With a± given in the coupling hypothesis (A.iii), fix any positive constant 
K\ > 2a± 1 . Consider large positive integers r and r that satisfy 

2a^f 1 logr < r$ < K\ logr < r. 

Then there exist a positive integer m and a constant < «3 < 00 such that, for large 
enough r, 

Jnf^ P x [without entering B ro chain Y exits B r by time r rn °] > — . (A. 4) 



E x 



Proof. We consider first the case where x G B r s B ro has a coordinate x J that satisfies 
x i g \—r, — ro — 1] U [ro + 1, r] and is nondegenerate. For this case we can take 
m = 4. A higher mo may be needed to move a suitable coordinate out of the interval 
[— r ,r ]. This is done in the second step of the proof. 

The same argument works for both x^ G [— r, — r — 1] and x- 7 G [r + 1, r]. We treat 
the case x^ G [r + 1, r]. One way to realize the event in (IA.4I) is this: starting at x\ 
the y j walk exits [ro + l,r] by time r through the right boundary into [r + 1, 00), 
and Y and Y stay coupled together throughout this time. Let ( be the time Y^ exits 
[ro + 1, r] and w the time F- 7 enters (—00, ro]. Then w > £. Thus the complementary 
probability of (1A.4|) is bounded by 

P xJ { F J exits [r + l,r] into (-00, r ] } 

+ Px4C > r 4 } + P,,,{ F fc ^ F fe for some k G {1, . . . , w} }. 
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We treat the terms one at a time. From the development on p. 253-255 in 13 
get the bound 



wc 



P xi { Y j exits [r + 1, r] into (-oo, r ] } < 1 - — (A.6) 

for some constant «4 > 0. In some more detail: P22.7 on p. 253, the inequality in 
the third display of p. 255, and the third moment assumption on the steps of Y give 
a lower bound 

P xi { Y j exits [r + 1, r] into [r + 1, 00) } > — - T ° - 1 ~ ° X (A.7) 

r — r — 1 

for the probability of exiting to the right. Here C\ is a constant that comes from 
the term denoted in 13| by ^f^fl (l + s ) a ( s ) whose fmiteness follows from the 
third moment assumption. The text on p. 254-255 suggests that these steps need the 
aperiodicity assumption. This need for aperiodicity can be traced back via P22.5 to 
P22.4 which is used to assert the boundedness of u{x) and v(x). But as we observed 
above in the derivation of (1A.3I) boundedness of u(x) and v(x) is true without any 
additional assumptions. 

To go forward from flA.7j) fix any m > C\ so that the numerator above is positive 
for x J = ro + 1 + m. The probability in (1A.7I) is minimized at x^ — Tq + 1, and from 
x^ = r + 1 there is a fixed positive probability 9 to take m steps to the right to get 
past the point x J ' = r + 1 + m. Thus for all x^ G [r + 1, r] we get the lower bound 

P xJ { Y j exits [r + 1, r] into [r + 1, 00) } > - Cl) > — 

r — ro — 1 r 

and (I A. 61) is verified. 

As in (1A.3|) let g(s,t) be the Green function of the random walk Y^ for the half- 
line (—00, ro], and let <?(s, t) be the Green function for the complement of the interval 
[r + l,r]. Then g(s,t) < g(s,t), and by (IA.3I) we get this moment bound: 

r r 
t=r +l t=r +l 

Consequently, uniformly over x J G [r + l,r], 

P,4C>r 4 ]<^. (A.8) 



r 



From Lemma IA.2I 

i^t ifc ± % for some fc G {1, . . . , w} ] < Ce~ air °. (A.9) 
Putting bounds (1A.6I) . (1A.8[) and (1A.9[) together gives an upper bound of 

1 " y + £ + Ce " airo 
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for the sum in ( 1A.5I) which bounds the complement of the probability in ( 1A.4I) . By 
assumption tq > 2aJ~ 1 logr, so for large enough r the sum above is not more than 
1 — az/r for some constant > 0. 

The lemma is now proved for those i65 r \ B ro for which some 

j 6 J = {1 < j < d : the one-dimensional walk Y 3 is nondegenerate} 

satisfies x 3 G [— r, — r — 1] U [r + 1, r]. Now suppose x G 5 r \ £> ro but all j G J 
satisfy x 3 G [— ro,r ]. Let 

T = inf{n > 1 : Y£ [— r , r ] for some j G J}. 

The first part of the proof gives P x -almost surely 

Py T [without entering S ro chain Y exits 5 r by time r 4 /2] > — . 

Replacing r 4 by r 4 /2 only affects the constant in ( 1A.8I) . It can of course happen that 
Yt ^ B r but then we interpret the above probability as one. 

By the Markov property it remains to show that for a suitable m 

inf { P X [T < r mo /2] : x G B r \ B ro but x 3 G [-r , r ] for all j G J } (A.10) 

is bounded below by a positive constant. Hypothesis ( 1A.1I) implies that for some 
constant b\, E X T < b r ° uniformly over the relevant x. This is because one way to 
realize T is to wait until some coordinate Y 3 takes 2r successive identical steps. 
By hypothesis flA.ll) this random time is stochastically bounded by a geometrically 
distributed random variable. 

It is also necessary for this argument that during time [0,T] the chain Y does not 
enter B ro . Indeed, under the present assumptions the chain never enters B ro . This is 
because for x G B r \ B ro some coordinate i must satisfy x l G [— r, — r — 1] U [r + 1, r]. 
But now this coordinate % ^ J, and so by hypothesis (A.ii) the one- dimensional 
process Y % is constant, Y* — x l ^ [— ro, r ] for all n. 

Finally, the required positive lower bound for (IA.10I) comes by Chebychev. Take 
> K i log b± + 1 where Ki comes from the assumptions of the lemma. Then, by the 
hypothesis r < Kilogr, 

P X [T > r m °/2] < 2r- m %° < 2r Kllogbl - m ° < \ 

for r > 4. □ 

We come to one of the main auxiliary lemmas of this development. 

Lemma A. 4. Let U = inf{?i > : Y n B r } be the first exit time from B r for the 
Markov chain Y. Then there exist finite positive constants C\,m\ such that 

sup E X {U) < dr mi for all 1 < r < oo. 
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Proof. First observe that sup x£Br E X (U) < oo by assumption (1 A. 1 1) because by a 
geometric time some coordinate has experienced 2r identical steps in succession. 
Throughout, let ro < r satisfy the assumptions of Lemma [A .31 Once the statement 
is proved for large enough r, we obtain it for all r > 1 by increasing C\. 

Let = T = So < T\ < S\ < T 2 < • • • be the successive exit and entrance times 
into B ro . Precisely, for i > 1 as long as Sj_i < oo 

Ti = ini{n > SV-i : Y n B ro } and Sj = ini{n > T { : Y n G B ro } 

Once Si = oo then we set 1) = Sj = oo for all j > i. If Y G B r \ 5 ro then also 
7i = 0. Again by assumption (lA.ip (and as observed in the proof of Lemma IA.3I) 
there is a constant < bi < oo such that 

sup ^[Ti] < 6i°. (A. 11) 

X<EB rQ 

So a priori Ti is finite but Si = oo is possible. Since T\ < U < oo we can decompose 
as follows: 



E X [U]=Y J E X [U,T ] <U <S 3 ] 



(A.12) 



oo 



We first treat the last sum in (1A.12I) . By an inductive application of Lemma [A.3[ 
for any z G B r \ B ro , 

P Z [U > jr m \ U<Si]< P z [ Y k eB r \ B ro for k < jr m » } 

= E z [1{ Y k eB r ^ B ro for k < (j - l)r mo }Py ( ._ 1)r . mo { Y k G B r s B ro for fc < r m ° } ] 
< ... < (l-asr-'y. 
Utilizing this, still for z G B r \ B ro , 



£ 2 [?7, C/ < Si] = ^ P Z [C/ > m, C/ < Sx] 



m=0 

oc 



(A.13) 



< r mo J2 P zP > jr mo , U < S^ < r mo+l a^. 

j=0 



Next we take into consideration the failure to exit B r during the earlier excursions 



in B r \ B ro . Let 



Hi = {Y n G B r for % < n < Si} 



be the event that in between the ith exit from B ro and entrance back into B ro the 
chain Y does not exit B r . We shall repeatedly use this consequence of Lemma [A. 31 

for % > 1, on the event {Tj < oo}, P x [Hi | F % \ < 1 - a 3 r _1 . (A.14) 
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Here is the first instance. 

E X [U - Tj ,T,<U< Sj] =E x [Y[l Hk - < 00} ■ E YTj (U, U < S 1 



4!) 



fc=l 



< r mo+1 a 



j'-i 



l E x \ J l Hk ■ I{T,_, < 00} 



<r ma+l a^ l {l- a z r 



k=l 



Note that if Yt above lies outside B r then Ey T (U) = 0. In the other case Yt G 
5 r \ B ro and (1A. 13[) applies. So for the last sum in (1A.12j) : 



Y,E x p ~ Tj ,T,<U< Sj} < J2r mo+1 a^(l - o^r" 1 )^ 1 < r mo+2 af. (A.15) 
i=i j=i 

We turn to the second-last sum in (1A. 12[) . Utilizing (1A.1 1[) and (1A.14I) . 

j'-i j'-i 

E x [Tj,Tj<U<Sj] < J2 E *[ n*Hk-H T j<°°}-(Ti+i- T i. 

8=0 fe=l 

< ^(l-c^r -1 )' -1 
j'-i t-i 

+ J] [ n l Hh ■ (T i+ i - Ti)l Hi ■ l{T i+l < 00} 

8=1 fc=l 

Split the last expectation as 
t-i 



(A.16) 



1 - a 3 r 



-ly'-i-i 



fc=i 



8-1 



A=l 



< £*■ [ n ^ • ( Ti +! - ty 1 * • ^ < °°} 

1 

8-1 



fc=i 



< E x [l[l Hk ■ l{S t < oc} ■ Ey^T,) 

k=l 

8-1 

<£ x [ JJl Hfc -I{Ti_i<cx)}] (6? + 



8-1 



^ J I Hfc ■ < 00} ■ Ey T _ (Si ■ l Hl ) 



fe=i 



fe=i 



< (1 - asr" 1 )'- 1 ^ + r mo+1 a^). (A.17) 

In the second-last inequality above, before applying (1A.14|) to the H k 's, E Ys (Ti) < fr^ 
comes from (IA.11I ). The other expectation is estimated again by iterating Lemma 
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IA.3I and again with z G B r \ B r 



To- 



E^Sr ■ l Hl ) = J2 P z[Si > m , H x ] < ^ P z [ Y k G B r s B ro for k < 

m=0 m=0 

oo 

< r m ° P z [ F fc G 5 r \ B ro for k < jr m ° } < r m ° +1 a^. 



m 



j=0 



Insert the bound from line (IA.17I) back up into flA.16[) to get the bound 

E x [Tj ,T 3 <U< Sj] < (2b[° + r^+WW ~ ^y- 2 . 
Finally, bound the second-last sum in (lA.12j) : 



Y J E x [T j ,T j <U<S j ]<(2b r 1 



r an + r u a 



)(l-a 3 r- 1 )- 1 . 



3=1 



Taking r large enough so that a 3 r 1 < 1/2 and combining this with (|A.12[) and 
(IA.15P gives 



E X [U] < r mo+2 af + 4^°r 2 «3 2 + 2r mo+3 af. 
Since r < K\ logr for some constant C, the above bound simplifies to C\r mi . □ 

For the remainder of the proof we work with B = B r for r = c\ logn. The above 
estimate gives us one part of the argument for (1A.2I) . namely that the Markov chain 
Y exits B = [— c\ logn, c\ logn] d fast enough. 

Let = Vo < U\ < V\ < U2 < V2 < ■ ■ ■ be the successive entrance times Vi into B 
and exit times Ui from B for the Markov chain Y, assuming that Y = z G B. It is 
possible that some Vi — 00. But if Vi < 00 then also U i+ \ < 00 due to assumption 
(lA.ip . as already observed. The time intervals spent in B are [Vi, U i+ i) each of length 
at least 1. Thus, by applying Lemma [A. 4[ 

n— 1 n 



k=0 



J2 p *( Y k ^B)< Y,E z [(U l+1 - Vi)l{Vi < n}] 

i=0 
n 

K^EtlEy^iUJliViKn}] 



(A.18) 



i=0 



< C{]ogn) mi E z 



i=0 



QUENCHED FUNCTIONAL CLT FOR RWRE 



51 



Next we bound the expected number of returns to B by the number of excursions 
outside B that fit in a time of length n: 



E- 



i=0 



E- 



< E 2 



i=0 j=l 
n i 

£i{£(Vf-tfi)<*} 



i=0 j=l 



(A.19) 



According to the usual notion of stochastic dominance, the random vector . . . , £„) 
dominates (771, ... , r] n ) if 



Ef{C 1 ,...,C n )>Ef{r} 1 



Vn) 



for any function / that is coordinatewise nondecreasing. If the {£; : 1 < % < n} are 
adapted to the filtration {Qi : 1 < i < ^}, and P[£j > a|^_i] > 1 — -F(a) for some 
distribution function F, then the {rji} can be taken i.i.d. F-distributed. 

Lemma A. 5. There exist positive constants C\, C2 and 7 such that the following holds: 
the excursion lengths {Vj — Uj : 1 < j < n} stochastically dominate i.i.d. variables 
{r]j} whose common distribution satisfies P[r] > a] > cia' 1 ^ 2 for 1 < a < C2n 7 . 

Proof. Since P z [Vj — Uj > alJ 7 ^] = Py v [V > a] where V means first entrance time 
into B, we shall bound P X [V > a] below uniformly over 



{x^B:J2Pz[Y Ul =x]>0y 



Fix such an x and an index 1 < j < d such that x J ^ [— r, r] . Since the coordinate 
can move out of [— r, r], this coordinate is not degenerate, and hence by assumption 
(A.ii) the random walk F J is nondegenerate. As before we work through the case 
x J > r because the argument for the other case x J < — r is the same. 

Let w = mi{n > 1 : Y£ < r} be the first time the one-dimensional random walk 
F J enters the half-line (—00, r]. If both Y and Y start at x and stay coupled together 
until time w, then V > w. This way we bound V from below. Since the random 
walk is symmetric and can be translated, we can move the origin to and use classic 
results about the first entrance time into the left half-line, T = inf{n > 1 : Y^ < 0}. 
Thus 

P xJ [w > a] > P r+ i[w > a] = P [f > a] > 

V a 

for a constant a^. The last inequality follows for one-dimensional symmetric walks 
from basic random walk theory. For example, combine equation (7) on p. 185 of [l3| 
with a Tauberian theorem such as Theorem 5 on p. 447 of Feller [7j. 
Theorem la on p. 415 of Q. 



Or see directly 
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Now start both Y and Y from x. Apply Lemma IA.2I and recall that r — c\ log n. 
P X [V >a}> P X , X [V > a, Y k = Y k for k = 1, . . . , w ] 

> P x ,x\w > a, F fe = Yfe for = 1, . . . , w ] 

> P x3 [w > a] - P x , x [ Y k ^ Y k for some k G {1, . . . , w} ] 

>^L-CTT ciai . 



This gives a lower bound 



> a] > 



«5 

2v^ 



if a < 01(2(7) 2 n 2ciai . This lower bound is independent of x. We have proved the 
lemma. □ 

We can assume that the random variables rjj given by the lemma satisfy 1 < rjj < 
C2U 1 and we can assume both 02,7 < 1 because this merely weakens the result. For 
the renewal process determined by {rjj} write 

k 

So = , S k = rjj , and K{n) = inf {k : S k > n} 

3=1 

for the renewal times and the number of renewals up to time n (counting the renewal 
5*o = 0). Since the random variables are bounded, Wald's identity gives 



EK(n) ■ Eri = ES K(n) <n + c 2 n J < 2n 



C2U ' 



Cl 



E?7 > / ds > csri 

's 



7 /2 



while 



Together these give 

EK(n) < ^ < C 2 n l -"< 12 . 

Now we pick up the development from line (1A.19|) . Since the negative of the 
function of (Vj — Uj)i<i< n in the expectation on line (1A.19[) is nondecreasing, the 
stochastic domination of Lemma [A. 5 1 gives an upper bound of (1A.19I) in terms of the 
i.i.d. {r]j}. Then we use the renewal bound from above. 



i=0 



< E 7 



i=0 
r n 



J'=l 



< E 



= EK(n) < C 2 n 1 ^ 12 . 



i=0 



i=i 
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Returning back to ( 1A.18I) to collect the bounds, we have shown that 

< L7(logn) mi L7 2 r2 1 - 7/2 



n-l 



Y J p -A Y k^B)<Ci\ogn)^E z ^I{V t <n} 

k=0 L i=0 

and thereby verified (1A.2I) . 
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